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Abstract—In this paper, the capacity of a wireless
link with multiple transmit antennas is compared to
the average per user capacity of a multiuser wire-
less network with Space Division Multiple Access
(SDMA). Under the assumption of a rich scatter-
ing environment and a narrow-band link, the prop-
agation medium is modeled as a Rayleigh flat fad-
ing with a good receive diversity. By contrast to
the previous works, the assumption of full decor-
relation of the transmit antennas is relaxed. This
enables a study of the transmit diversity scenarios
where the transmit antennas occupy a limited space.
The new analytic results give rise to a comparison
of the capacity achievable with multiple transmit
antennas within a limited transmit volume on one
hand, and the capacity of an SDMA network with
spatially spread users, on the other hand. The ca-
pacity simulations corresponding to indoor wireless
LAN are presented along with the theoretical results.

I. INTRODUCTION

The uplink channel capacity in SDMA has been
studied by the authors of [1] in the case of a deter-
ministic propagation channel specified by the pow-
ers and directions of arrival of different users as seen
at the access point (base station). Despite some
meaningful results regarding the capacities achiev-
able with different decoding schemes, the statisti-
cal properties (e.g., the outage probability) of the
SDMA channels driven by the commonly used ran-
dom models were not discussed in the aforemen-
tioned paper. More recently, Foschini et al. studied
the capacity of a narrow-band wireless link between
multiple transmit and receive antennas and nearly
optimal transmission schemes when the propaga-
tion channel is assumed Rayleigh and flat with i.7.d.
coefficients [2]. Accurate capacity bounds with
and without channel knowledge and the asymp-
totic statistical properties of the optimally shaped
data blocks are available in [3]. These new results
promise extraordinary capacities when the number
of the transmit antennas is big enough (assuming
that there are at least as many receive antennas
as the transmit ones). More precisely, the capacity
was shown to scale linearly with the number of the
transmit antennas when the coefficients. of the chan-

nel matrix are 7.1.d. The analysis presented in [2], [3]
applies to the SDMA systems as well as to the trans-
mit diversity case where multiple transmit antennas
are used. Based on the assumption of rich scattering
environment, this analysis implies equal capacities
in SDMA and transmit diversity scenarios. How-
ever, SDMA systems have a higher potential since
space diversity of different users is generically bet-
ter than the diversity of multiple transmit antennas
when the transmit volume (i.e., the space occupied
by these antennas) is relatively small. Such a mis-
match comes from inadequate modeling of random
vector-valued channels between each transmit an-
tenna and the set of receive antennas as statistically
independent values.

The independence condition is relaxed in this con-
tribution so that the channels corresponding to dif-
ferent transmit antennas may exhibit an arbitrary
correlation. It is still assumed that the receive an-
tennas are decorrelated. This assumption appears
to be quite accurate for the uplink channel scenar-
ios with no line-of-sight (LOS). The signal captured
at the access point of a WLAN result from a rich
local scattering while the wireless terminal is rel-
atively far away. In.such a case, decorrelation of
the receive antennas is due to a spatially uniform
spread of scattering points w.r.t. the access point.
Meanwhile, major part of the scatterers from the
receiver vicinity stay within a limited sector as seen
by the transmit antennas. For a relatively big dis-
tance between the transmitter and the receiver, a
small sector gives rise to a non-negligible correla-
tion of the transmit antennas.

For this model, tight capacity bounds are calcu-
lated. A rather general form of the transmit diver-
sity matrix is derived under the assumption of the
spatially uniform spread of scattering points in the
vicinity of the receiver. This matrix is used along
with the capacity bound to characterize analytically
the potential of transmit diversity schemes as com-
pared to the SDMA systems. Theoretical capacity
bounds are presented together with the empirical
capacities computed for uplink channels of typical
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indoor WLAN scenarios.

II. DATA MODEL

Consider a flat fading channel between m trans-
mit and M receive antennas such that

x, = Hs +ny, tez, (1)

where s; is the m % 1 vector of the transmit antenna

outputs, x; is the M x 1 vector of the received sig-

nals, H is the M x m channel matrix and n; is the

M x 1 vector of the observation noise. Assume that

Asl Channel noise is a complex circular AWGN
of power 02: E{n;nl'} =02 Iy.

As2 Each s; is i.i.d. These signals are correlated
and the total power is fixed:

E{s: s} = 0 R;, tr(R;)=1.

Denote by ¢® = (02/0?) the overall signal-to-

noise ratio (SNR). According to [4], the channel ca-

pacity (in bits per second per hertz) for this scenario
is given by

C =logydet( Iy + 0 HR,H" ). (2)

The Rayleigh channel model is assumed so that the

entries of H are jointly complex circular Gaussian:

vec{H} ~ N:(0, X), 3)

where vec {-} denotes stacking of matrix’ columns to
a column vector and ¥ is an Mm x M'm normalized
correlation matrix (i.e., Tgx = 1,1 < k < Mm). In
general, it is natural to assume that on one hand,
the contributions of all transmit antennas to the re-
ceive antenna array are statistically equivalent and
that, on the other hand, the contributions of the
transmit array to all receive antennas are statisti-
cally equivalent. In other words,
Y =R; ® Ry, 4)
where (®) denotes the Kronecker product and R,
(Rg) stands for the transmit (receive) correlation
matrix. As already mentioned, full decorrelation of
the receive antennas is assumed, i.e., R = Iy is
the M x M identity matrix. The transmit diversity,
however, depends on the ratio of the transmit array
size to the distance between the transmitter and the
receiver positions. When this ratio goes to zero, Ry
tends to a rank-one matrix. Indeed, the transmit
array is seen by the set of the receive array (or by
any remote scatterer) as a single point when the
distance between the arrays becomes infinite.

III. LOWER BOUND FOR CHANNEL CAPACITY

Define H ﬂRr’k, then the entries of
H are iid N.(0,1). Define also {U,A?%}
the eigendecomposition of (RTL’RSRT%) so that
R:*R,R,? UA*U" with a diagonal matrix
A = diag{A.}{L, and a unitary U. Now, (2) may
be rewritten as follows:

C = logydet( Iy +0* HA*H" )
= logydet ( I, +0® AH"HA ).
Theorem 1: There exist m statistically indepen-

dent variables X3;_1,X3/_2:- - XM —m41 and m
non-negative variables aCy, aCs, ..., aCp, such that
aCi =0, aCy =0 when A =0 and

m
C =) log, (1+6°A% X3r—gs1) + aCx,

k=1
P{xi<z} = Ta(zk),
P{aCk >z} < Bg(27*5; M+1-k, k-1),

where I';( z; k) is the incomplete-Gamma function,
k € Z,, and B;(z; a, b) is the incomplete Beta
function, a,be Zy. If Ay > ... > A, then

P{sCr >z} <1 —To((2°=1)/(0?A2); k—1).

According to theorem 1, we may define a lower
bound on the channel capacity as follows:

m
S logy (14 AL Xrpm ), )
k=1
where A; > ... > A,, and the random quantities
X3¢—r41 are Gamma distributed. Theorem 1 yields
tightness of the bound C, at high and moderate
SNR and big M. This claim is validated numeri-
cally; it suggests the use of the bound C..

The stochastic bound (5) also admits the follow-
ing deterministic approximation.

C.

m
Co 2 log, (1+0°A% (M+1-k)), (6)
k=1
A; > ... > A,,. By using Jensen’s inequality, one
can find E{C.} < C,. A direct numerical evalua-
tion shows that the relative error of this approxima-
tion is always less than 20%; it is actually much less
than that in practical situations. The expressions
(5) and (6) will be used to approximate capacities
of SDMA and transmit diversity schemes.

IV. LIMITED TRANSMIT DIVERSITY

As it follows from the previous section, the ca-
pacity of a multiple antenna link depends on the
eigenspectrum of R,. Let us study the structure of
R, when the transmit array size is limited.
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Fig.1. Propagation channel model

Let us calculate the covariance between the sig-
nals coming from two d-spaced antennas fed by
the same input and collected by a receive antenna.
These signals are scattered by an object which is
¢ far from the receive antenna, as shown in Fig.1.
The distance between the transmitter and the re-
ceiver is L. Assume d < L and £ < L. The second
condition reflects the fact that the energy captured

by the receiver decreases along with the growth of

£. The aforementioned covariance may be approxi-
mated by

d Lsind

V2(L,8,9) €27 $ 509 s A2(L, £, 9) 27 % 8 (7)

where v2(L, £,9) stands for the mean power of the
received signal and A is the wavelength. Based on
{ « L, we may conclude that the intensity of the
transmitted electromagnetic field is approximately
the same for all local scattering points; it depends
on L. The portion of the scattered energy that
reaches the receiver depends on £ and 9. We will as-
sume quite a general case of scattering models such
that the density and the shape of scattering points
is isotropic, i.e., independent on the direction 9.
Then v2(L,¢,9) may be written as follows:

(L,0,9) = o2 p(e/L), fﬁmw=x(&
0

where p(u) is the normalized density of the scat-
tered power captured by the receiver corresponding
to the distance ¢ between the receiver and the scat-
tering point measured in the units of L. The power
o2 depends on the distance L and the path loss con-
ditions. Define 7 = d/\ the distance between the
transmit antennas measured in wavelengths. Then
the covariance in (7) versus 7 averaged over (u,)
is given by

2 [ 1/" 2 i
T T U SIn d
c(1) 03/0 (27r _we dd | p(u) du

o? /000 Jo (27 7 u) p(u) du, (9)

il

where Jy(-) stands for the Bessel function. The last
equality in (9) is due to (8.411-1) from [5]. The rel-
ative units 7 and u are used rather than the natural
distances in order to obtain scale-invariant results.
As shown below, these quantities allow us to char-
acterize the eigenstructure of Rr. To get a better
insight into the properties of the function ¢(r), we
will consider its Fourier transform
o0
cv) = / c(r)e VT dr, veR
—00
Substituting (9) into the last expression and using
(6.671-8) from [5], we obtain

pu)

2 oo
c(v) = Is / —_—
STy Ve

According to the channel model, the transmit di-
versity matrix Ry is the covariance matrix between
the signals which come from m transmit antennas
fed by the same input. Hence, Ry is the covariance
matrix associated with the spectral density ¢(v) and
the set of covariance lags corresponding to the rel-
ative distances {74}7*;' between the first and the
k-th of m aligned transmit antennas:

du, veR (10)

il

R:

/%mm@mww,w

En(v) =

[1’ ez27r ksl V, . ,612" T(m—1) V]T‘

The relationships (10)-(11) may be readily used to
evaluate the transmit diversity matrix R, in the
case of a linear transmit antenna array and the re-
ception position(s) situated at the broadside. One
can show that a moderate displacement from the
broadside (as long as the angle in radians between
the broadside and the direction to the receiver may
be accurately approximated by its sine) yields a cor-
responding rotation of the eigenvectors whereas the
eigenvalues remain unchanged. Hence (10)-(11) give
the access to the eigenvalues of R, and therefore
the capacity of link for a wide range of scenarios
with linear transmit antenna arrays and scattering
profiles specified by p(u).
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A. Free space path loss

Assume that the scattering points have an equal
density in the vicinity of each receive antenna start-
ing from certain minimum distance and that the re-
ceived energy obeys the standard free space path
loss of 20dB per decade. In the absence of a LOS,
the density function p(u) may be written as follows:

(12)

where u, = ¢,/ L is a normalized version of the min-
imum distance ¢,. The corresponding ¢(v) defined
in (10) verifies

u,
plu) = "l—l._% Lusu,,

2
o, u
cv) == —

(1 = V1= (W/uo)? Ljcu, ) - (13)
The above expression assumes that the receiver is
located at the broadside of the transmit antenna
array. However, as explained earlier in this section,
the eigenspectrum of R, and therefore the capacity
is not so sensitive to moderate variations of the di-
rection to the receiver. The corresponding transmit
diversity matrix may be obtained via replacing c(v)
by ¢(v — v,) where v, corresponds to the angular
offset from the broadside of the antenna array.

The case of a present LOS deserves some more
attention. In practice, the contribution of scattered
signal to the receiver is vanishingly small compared
to the contribution of the direct path. This leads
to a bad transmit diversity. Indeed, the disparity
of propagation paths coming from different trans-
mit antennas is determined by angular separation
of the transmit antennas seen by the receive anten-
nas rather than by the area of dominant scattering.
When the distance between the receive antennas is
small compared to the (average) spatial spread of
scattering points, the transmit diversity is worse in
presence of a LOS.

A lack for diversity in the presence of a LOS is,
however, compensated by a very high SNR when
compared to a scenario with no LOS where the link
is maintained due to a local scattering only. A sig-
nificant difference in SNR results in bigger capaci-
ties in the presence of a LOS, and this despite bad
diversity. Therefore, the system that is designed
to operate in a rich scattering environment with no
LOS, is expected to perform well enough in the pres-
ence of a LOS, due to a high SNR.

T v?

V. NUMERICAL EXAMPLE

Let us compare transmit diversity to SDMA in
the absence of the LOS. First of all, the accuracy of
the stochastic capacity bound C, and its determin-
istic approximation C, is studied in transmit diver-

sity and SDMA scenarios. For this purpose, a sim-
plified physical model of the signal propagation has
been used. Consider a wireless LAN uplink channel
in indoor (building) environment. The access point
is equipped with 6 receive antennas (M = 6) placed
2m over the ground level. In the transmit diversity
scenario, a wireless terminal, equipped with 4 trans-
mit antennas (m = 4), is situated 30 m far from the
access point (L = 30m), 1m over the ground level,
10° away from the receive antenna array broad-
side. The transmit and the receive antennas are
linear equispaced arrays with the total length 40 cm
(d = 40 cm) and 1m correspondingly. In the SDMA
scenario, 4 wireless terminals (m = 4) are uniformly
spaced around the access point, also 30m away
from the receive antennas. Assume that there is no
LOS which often happens in big indoor areas with
semi-isolated working spaces. The scattering envi-
ronment is modeled by a finite number of elemen-
tary scattering points that are uniformly distributed
in the horizontal plane of the receiver with minor
vertical fluctuations. The attenuation of different
scattering points varies according to the log-normal
law with the mean square attenuation 2dB. Under
the free space loss assumption, the magnitude of
each wave is inversely proportional to the propa-
gation distance. The carrier frequency is 5.2 GHz.

°eer Hoptimal .’ :
o7t 7: loading . : R
i uniform
osf - ~loading

—— Ghysices  model
: — = stalistica moce)
L . = siocnaste bouna

12 14 e [0 20
Copncity (bitaatin)

Fig.2. Cumulative probability of the channel
capacity: TX diversity, ¢ = 10dB, M =6, m = 4.

The cumulative probability distribution of the ca-
pacity is studied in the described above transmit
diversity and SDMA scenarios, see Fig.2 and Fig.3
correspondingly. The average SNR is fixed to ¢ =
10dB. The solid lines (—) stand for the empirical
cumulative probabilities computed from 10000 ran-
dom trials of the physical model. The dashed lines
(—=) stand for the empirical cumulative probabili-
ties corresponding to 10000 random trials of the sta-
tistical model specified by (3)-(4). Here Ry = Iy
and R; is computed as explained in the previous
section. Finally, the dash-dotted lines (- - —) repre-
sent the empirical cumulative probability functions
computed from 10000 trials of the stochastic bound
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(5) whereas the vertical lines stand for the corre-
sponding C,,. These results are obtained for the op-
timal power loading (i.e., with the optimally chosen
R, see [6] for more details) and the uniform load-
ing, with R; = (1/m)I,,. In Fig.2, the dash-dotted
line (— - —) stands for the stochastic “i.i.d. bound”,
i.e., the bound from [2] obtained under the assump-
tion of a fully uncorrelated Rayleigh fading. The
latter assumption is applied in the SDMA scenario
(Fig.3) where it stems from a relatively big ran-
dom spacing of different terminals. Note that the
optimal loading is uniform in the latter case. Ore
can observe a good agreement between the capacity
achievable in realistic propagation environment on
one hand, and the statistical model as well as its
stochastic bound on the other hand. For the trans-
mit diversity scenario, the difference between thece
three quantities does not exceed 7% and is less than
2% in mean value. The discrepancy between the
physical and the statistical modeling appears to be
bigger in the SDMA scenario. However, the approx-
imation error always fits within the 10% margin.
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Fig.3. Cumulative probability of the channel
capacity: SDMA, 0 = 10dB, M =6, m = 4.
Let us analyze the capacity of the multiple antenna
channel by means of the stochastic lower bound (5).
The following results are obtained from 100000 tri-
als for the described set of parameters unless oth-
erwise is specified. The capacity values correspond
to the outage rate 10-2. In Fig.4 through Fig.6,
the curves (—0O—) and (—V—) stand for the capac-
ity bounds corresponding to the optimal and the

uniform power loading respectively.

According to Fig.4-Fig.6, the transmit diversity
schemes yield around 20% loss of a wireless link ca-
pacity that may be achieved by SDMA user mul-
tiplexing in typical indoor WLAN environments.
Also, a relatively small discrepancy between the
optimal and uniform power loading methods high-
lights robustness of the uniform loading. The ad-
vantage of a non-uniform power loading becomes
important in bad diversity conditions (here big L)
and also when most of the link capacity is to be

reached by using a big number of transmit antennas.
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Fig.4. Capacity versus the signal-to-noise ratio o?:
(1) - TX diversity, (2) - SDMA.
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Fig.5. Capacity versus the number of transmit
antennas m: (1) - TX diversity, (2) - SDMA.
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Fig.6. Capacity versus the distance L between TX
and RX: (1) - TX diversity, (2) - SDMA.
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