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The Capacity Region of Broadcast Channels with
Intersymbol Interference and Colored Gaussian Noise

Andrea J. Goldsmith, Senior Member, |EEE, and Michelle Effros, Member, |EEE

Abstract—We derive the capacity region for a broadcast
channel with intersymbol interference (1Sl) and colored Gaussian
noise under an input power constraint. The region is obtained
by first defining a similar channel model, the circular broadcast
channel, which can be decomposed into a set of parallel degraded
broadcast channels. The capacity region for parallel degraded
broadcast channels is known. We then show that the capacity
region of the original broadcast channel equalsthat of thecircular
broadcast channel in the limit of infinite block length, and we
obtain an explicit formula for the resulting capacity region. The
coding strategy used to achieve each point on the convex hull of
the capacity region uses superposition coding on some or all of
the paralld channels and dedicated transmission on the others.
The optimal power allocation for any point in the capacity region
is obtained via a multilevel water-filling. We derive this optimal
power allocation and the resulting capacity region for several
broadcast channel models.

Index Terms—Broadcast channels, capacity region, colored
Gaussian noise, intersymboal interference (191).

I. INTRODUCTION

WO of the most celebrated results in Shannon theory are

Gallager’s capacity and corresponding water-filling for-
mula for single-user Gaussian channels with intersymbol inter-
ference (I1Sl) and colored noise [1] and Cover’s superposition
coding technique for degraded broadcast channels [2]. In this
paper, we show that the capacity region of a Gaussian broadcast
channel with ISl and colored noise is achieved using a strategy
that combines superposition coding with an optimal power al-
location achieved by water-filling.

The channel model we consider consists of one transmitter
sending information to two receivers, each with a different fi-
nite-channel impulse response and colored Gaussian noise of
finitememory. Givenanaveragepower constraint, thetransmitter
may send independent informationto eachreceiver or acombina-
tion of independent information for each receiver and common
information intended for both receivers. We obtain the capacity
region in both cases, and for independent information our results
canbeeasily extended to any finite number of users. The capacity
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regions define the maximum set of rates that can be transmitted
to multiple users with arbitrarily small error probability. We
also obtain numerical resultsfor the capacity region and optimal
power allocation on several example broadcast channels with
independent i nformation.

We derive the capacity region of the broadcast channel with
ISl and colored noise using the same methodology that is used
to obtain the capacity of the single-user and synchronous mul-
tiple-access channels (MACs) with 1Sl [3]{5]. Specificaly,
we first show that our broadcast channel model has the same
capacity regionasacircular broadcast channel model that can be
decomposed using thediscrete Fourier transform (DFT), and we
then obtain the capacity of thiscircular model based onthe DFT
decomposition. Our approachdiffersfromthoseof [ 3] 5] inthree
significant ways. First, we use different techniques to show that
the circular channel model has the same capacity region as the
original channel. Specifically, sincethereisnoknownformulafor
the capacity region of ageneral broadcast channel with memory,
weshow that thecircul ar and original broadcast channelshavethe
same capacity region using only the definitions of theseregions.
In fact, we prove amore general result: Any synchronous multi-
terminal channel [6, Sec. 14.10] and its circular approximation
havethe same capacity region. Applying thisgeneral result tothe
single-user and synchronous multiple-access channels provides
dternative proofs for [3, Corollary 1] and [4, Theorem 1]. We
asoexplicitly treat theeffect of 1 SI and noisecorrel ation between
codeword transmissions, which has not been done previously for
any multiuser channel with memory. These effects impact any
system with back-to-back codeword transmission, asis typical
in practice. For such systems, 1Sl causes interference between
subsequent codewords, and therefore may impact the optimal
codeword design. Also, noise correlation causes subsequently
received codewords to be correlated, and therefore may impact
theoptimal decoder design. Gallager hasshownthat 1Sl and noise
correl ation between codewordsdoesnot impact channel capacity
for single-user channel swith finitememory, sincethesechannels
areindecomposable[1, Theorem4.6.4]. Thereisnosuchparallel
theory for broadcast or multiple-access channels. Therefore, we
modify thestandarddefinitionsof error probability andachievable
ratefor multiterminal channel swith finitememory to account for
ISl and noi se correl ation between codeword transmissions.! We
then show that the capacity region for finite-memory multiter-
minal channel sunder thesedefinitionsisindependent of previous
codeword transmissions and noise samplesand equal sthat of the
multiterminal circular channel. Thisgeneral resultisappliedtothe

10ur modified capacity definition is basically an extension of Wolfowitz's
single-user capacity definition [7, Sec. 6] that takes the channel’ s past transmis-
sionsand noiseintoaccount.
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broadcast channel to show it has the same capacity region asthe
circular broadcast channel . Wethen derivethe circul ar broadcast
channel capacity region, and this derivation differsfrom thosein
[3]5] sinceitisbased onthecapacity region of parallel degraded
broadcast channel s[8]{ 10].

Thederivationof thecircular broadcast channel capacity region
isobtained throughaDFT decompositionto give aset of parallel
independent degraded broadcast channels in the frequency do-
main, for which the capacity is known. The achievabhility of the
multiuser capacity regionfor aparallel set of degraded broadcast
channels with independent information, along with the corre-
sponding coding strategy and optimal power alocation, was
obtained by Hughes-Hartogsin 1975[8]. The converse proof for
thiscapacity regioninthetwo-user casewasobtained by Poltyrev
in[9], and the two-user capacity region for the parallel degraded
broadcast channel with common information was derived by El
Gamal in [10]. We make use of these previous results to obtain
the capacity region, optimal coding strategy, and optimal power
allocationfor our broadcast channel model.

The coding strategy that achieves capacity on the broadcast
channel with ISl and col ored noise uses superposition coding at
some or all frequencies and dedicated transmission to a single
user at the others. For two users with independent information,
the optimal power allocation between users on each channel is
obtained graphically viaamultilevel water-filling, whichassigns
different water levelsto the different channels depending on the
relative priorities of the users. This multilevel water-filling is
reminiscent of Gallager’ swater-filling strategy for asingle-user
channel with I1S] and colored noise [1]. We derive this optimal
water-filling strategy and the corresponding capacity region for
severa example channels. In practice, thisoptimal power alloca
tionand coding strategy could beimplemented usingmulticarrier
modulation, which also usesaDFT to decompose an | S| channel
intoparallel channel sinthefrequency domain.

The remainder of this paper is organized as follows. In Sec-
tion 11, we define the channel of interest, its circular approxima-
tion, and amemoryless block channel derived from the original
channel. In Section 111, we define the capacity region for these
channels and establish our notation. In Section IV, we show that
all three of these channel models have the same capacity region.
Exact formulas for the capacity region based on a DFT decom-
position of the circular channel, given by (32) and (33), are ob-
tained in Section V. The capacity region and optimal power allo-
cation strategies for several example channel models are given
in Section VI, followed by our conclusions.

II. CHANNEL MODELS

We consider the discrete-time broadcast channel model
shown in Fig. 1. The model consists of one transmitter sending
information to multiple receivers. For simplicity, we only
consider the two-user broadcast channel, but our results can be
extended to any finite number of users.2 Throughout the paper,

2This extension requires the capacity region for a set of parallel degraded
broadcast channels with multiple users. The achievability of this region with
independent information was derived in [8, Ch. 4], and the converse can be ob-
tained by extending the two-user converse in [9]. The capacity region for par-
alel broadcast channels with common information and more than two usersis
not known.
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Fig. 1. Two-user discrete Gaussian broadcast channel with 1Sl.

we denote subsequence (s,, ..., sy) a {si}s_,, sequence
(..., s1, s2, ...) & {sx}, and vector (s, ..., s,) as s" for
any s.

In the model of Fig. 1, the real input sequence {x} is sent
to each user over different real time-invariant channels with ad-
ditive Gaussian noise. The stationary noise processes, denoted
by {u} and {w;}, have mean zero and autocorrelation func-
tions R,[¢] and R[], respectively. We assume that these au-
tocorrelation functions have finite support so that for some fi-
Nite épax, K [t] = Ry[é] = 0 for || > tmax. Welet {h; 172,
and {g; }7*,, denote the redl finite impulse response of the first
and second channels, respectively, with m the common finite
impulse response duration of both channels. We consider cases
wherem > i, only, andm isdefined asthe broadcast channel
memory.2 Thereal input sequence {z;, } producesthereal output
sequences {y;. } at the first receiver and {z; } at the second re-
celver, with

m

Yk = Z hizp—i +vi = hyp * Tp + Vg, @)
=0
and
2 = Zgﬂk—i +wi = gr * T + Wi 2
=0

where x denoteslinear convolution. The channelshavelSl since
the channel output at time & depends on the input symbol xy,
as well as previous input symbols z;, ¢ < k. In particular, v
and z; for & < m depend on inputs z; for ¢ < 1, i.e, on
previous codeword transmissions. In addition, for &£ < m, the
noise samples vy, (wy,) are correlated with the noise samples v;
(w;) for ¢ < 1, oy, () is aso correlated with these noise
samples.
The transfer function of the first receiver’s channel is

H(w) = Z hie™it ©)
2=0
and the transfer function of the second receiver’s channel is
Gw) = gie ™. (4)
=0

3If for m > imax One of the channels has an impulse response shorter than
m, then we can pad this response with the appropriate number of zerosto obtain
afilter that satisfies the desired constraint. Similarly, if both channels have an
impulse response duration less than i,,,,x, then we set m = ¢.,.x and pad both
responses with the appropriate number of zeros.
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The spectral noise density of the first receiver’s channel is

m—1

2.

i=—(m—1)

Ny(w) = R, [i]e™7* (5)

and the spectra noise density of the second receiver’s channel
is

m—1

2

i=—(m—1)

Nyy(w) = Rylile 7. (6)

We assume an average power constraint so that for al »

n

Sy EXAsP U

k=1

where the expectation is taken with respect to the distribution
of the randomly chosen codeword (X7, ..., X,,). For agiven
m we call this channel the linear Gaussian broadcast channel
(LGBC) with finite memory m and average power P. We define
theinitia state of this channel as Sq = (X, Vo, W), where

o = (-/L'frn-l—lv (RS .’L'())

Vo = (V—mt1s -+ V0)
and

WO = (w—rn,—l—la [RRE wo)'

The vector X;, which determines the ISl from the previous
codeword transmission to the current codeword transmission,
impacts the first m channel outputs {yx }7-; and {z}72, in
our model. Similarly, the vectors V, and W, affect the first
m noise samples (and thereby the first »n channel outputs) at
receivers 1 and 2, respectively, due to noise correlation.

We now define two additional n-block memoryless channel
models derived from the LGBC. A broadcast channel isn-block
memoryless if for any integer K
p(yk’n’ ZKn|J}Kn)

K

= Hp (yé}ll)nﬂv Zé}:ll)nﬂ‘ xéglzll)n+l) )
k=1

By (8) we see that the channel outputs (y;, z;) over any n-block
transmission are independent of channel inputs x; and noise
samples v; and w; from previous or subsequent n-block trans-
missions. In particular, if for any integer & we send codewords of
length kn over an n-block memoryless channel then the outputs
(i, zi),1 < i < n,areindependent of any initial channel state
So. Note, however, that if we send codewords of length [ over an
n-block memoryless channel, where [ is not an integer multiple
of n, then the channel outputs corresponding to one codeword
transmission will be affected by the previous codeword trans-
mission, since the n-block memoryless channel is not /-block
memoryless.

The n-block circular Gaussian broadcast channel (n-CGBC),
defined for n > m, is an n-block memoryless channel ob-
tained by modifying the LGBC with memory m. Specifically,
the n-CGBC over each n-block has rea input vector {x }7_;
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which produces the real output vector {#}3_, at the first re-
ceiver and {%}7_, at the second receiver with

Y = Z hi-T((k—i))n + o = hy @ T + Oy )
i=0
and
Zx = Zgix((k,i))n + Wk = g @ Tx + Wk
i=0

(10)

where ® denotes circular convolution and ((s)), equals s
modulo n except when s is zero or an integer multiple of n,
in which case ((s)),, = n. This modification of the standard
modulo n definition results from our definition that n-blocks
{se}i_; start at time k = 1 instead of £ = 0. Performing the
corresponding circular convolution on each previous and sub-
sequent n-block yields the remainder of the output sequences
{#n} and { %, }. The noise processes over each n-block {74 }7_,
and {wy }_, aredefined as stationary Gaussian processes with

E[ox] = E[w] =0

=R,k — |+ R,[k — 1 +n]+ R,k —1—n]
and
E[dr ] £ R, [k — 1]
= Ry[k — | + Ry[k — L+ 0] + Ry[k — 1 — n).

Thus, the noi se process 4, («i) hasthe same mean and variance
as vy, (wy) but its autocorrelation is a periodic repetition of R,
(R,,) for noise sampleswithin an »-block.4 Noise samplesfrom
different n-blocks are independent since the channel is n-block
memoryless. We assume the same power constraint (7) for the
n-CGBC.

The n-block memoryless Gaussian broadcast channel
(n-MGBC), defined for n > m, is obtained from the LGBC
with memory m by restricting its outputs. Specifically, the
first n-block of the n-MGBC derived from the LGBC with
finite memory i is characterized by real input vector {x }7_,
over each n-block and corresponding real output vectors
(fgm+17 A gn) and (73m+17 LR 7371) with Qk = Yk and
2 = 2y, defined by (1) and (2), respectively. Previous and sub-
sequent n-blocks are similarly defined. Note that noise samples
from different n-blocks of the n-MGBC are independent due
to the finite support of R, and R,,. We assume the same power
constraint (7) for the n-MGBC. Note that, as with the circular
channel, the n-MGBC is not [-block memorylessif [ is not an
integer multiple of 7.

I1l. DEFINITIONS

In this section, we establish the definitions for a broadcast
channel code, error probability, achievable rate vector, and
capacity region. Since the LGBC, n-CGBC, and n-MGBC
al have memory, we cannot use standard definitions for
memoryless broadcast channels [6, Sec. 14.6.1], since these

4This noise differs from the noise on the circular multiple-access channel in
[5], whichhasE[o 0] = R, [((k—T1))..]. Thisnoiseisnot stationary (and, there-
fore, does not have a power spectral density), sincein general R, [((k—1))..] #
Ro[((1=F))u].
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definitions ignore the effect of ISl and noise correlation
between codeword transmissions. Specifically, the first
transmission of a codeword over the LGBC will cause IS
to the next codeword transmission, and this ISl should be
taken into account in the definitions of error probability
and achievable rate. Similarly, if an I-block codeword is
transmitted over the n-CGBC or the n-MGBC then, for
[ # kn, this codeword transmission will cause 1Sl to the
next codeword transmission, and this ISl must be taken into
account. In addition, the noise samples affecting different
codeword transmissions on the LGBC (and the n-CGBC
and n-MGBC for [-block codewords with I # kn) are corre-
lated, and this correlation may impact the optimal decoding
strategy and corresponding error probability. Therefore, the
noise correlation on finite-memory channels must be taken
into account in the definitions of error probability and
achievable rate.

There are different waysto incorporate theinitial state of afi-
nite memory channel into its capacity definition, depending on
what is assumed to be known about this state at the sender and
receiver. We follow the approach of [7, Sec. 6], where neither
the sender nor the receiver knows this initial state. Thus, the
coding and decoding strategies for the channel do not depend
on the initial channel state. We also require that a code’s error
probability go to zero for al possibleinitial channel states. We
show in the next section that, under these definitions, the initial
channel state does not impact the channel capacity region for
broadcast channels with finite memory. Therefore, we can ne-
glect the impact of 1S| and correlated noise between codeword
transmissions in the design of the LGBC coding and decoding
strategies and in the calculation of the LGBC capacity region.

We now state the definitionsfor the code, average error prob-
ability, achievable rate, and capacity region for broadcast chan-
nels with finite memory. Recall from Section Il that the initial
state of abroadcast channel with finite memory m is defined as
Sy = (./Yo, Vo, Wo), where

Xo = (@_my1, -0y To)

Vo = (V—me1y -+ -5 V0)
and

Wo = (Wemt1, - -, Wo)-

We let X denote the input alphabet of the two-user broadcast
channel, ) denote the channel output alphabet at the first re-
celver, and Z denote the channel output al phabet at the second
receiver. For the LGBC, »-CGBC, and n-MGBC, & = Y =
Z =R.

Definition: An [(M, M>), I] code for atwo-user broadcast
channel with independent information consists of two sets of
integers

Mlz{lv"'le} M2:{17"'7M2}
a code mapping
XMy x My — &Y

XYWy, Wy) = (X4, ..., X))

and two decoders

dll yl —>M1,

d (YH =W,
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do(ZY) = W.
The set of codewords for the broadcast channel is given by

dy: 21 — M,

{xl(wl, wo): (wy, we) € My X ./\/12}.

Therate pair (Ry, R») associated with an [(M1, M,), ] code
is given by

1

Ry =

<R1 = %10%‘.[\417

10g MQ) 5

where R; and R, are the independent information rates sent to
receivers 1 and 2, respectively.

Definition: Theaverageerror probability of an [(M1, M>), ]
code for atwo-user broadcast channel with finite memory and
initial state Sp, assuming a uniform message distribution on
(Wl, WQ) € M| x Mo, isdefined as

1
PYSy) =
e( 0) M1M2 (w7 )%.;/1 X M

Pr [dl(Yl) 7’é w1 V dQ(Zl) 75 UJ2|
(W1 = w1, Wa =w2), Sol .

Note that for n-block memoryless channels, including the
n-CGBC and the n-MGBC, an [(M;, M>), Nn] code for any
integer NV has error probability that isindependent of the initial
channel state Sq by (8).

Definition: A rate pair (R, R) is sad to be achievable
for a two-user broadcast channel with finite memory if for
every v > 0 there exists a sequence of [(Mfl), MQ(I)), [] codes
for this channel with (1/0)log MY > R; — « for all I and
supg, P(Sp) — 0 asl — oo.

Definition: Thecapacity region for abroadcast channel isthe
closure of the set of achievable rates.

We denote the capacity region for the LGBC, obtained
using the above definitions, by C. The capacity region for the
n-CGBC, denoted by C,,, is derived in Section V. Since the
n-CGBC is, by definition, different for every n, C,, varies
with n. Therefore, the region lim,, .., C,, if it exists, does
not define a capacity region for the CGBC since the n-CGBC
changes with n. We denote the capacity region of the n-MGBC
by @,.. In general, the n-MGBC and its corresponding capacity
region ,, vary with ». Therefore, as with the n-CGBC, the
region lim, .. Qn, if it exists, does not define a capacity
region for the MGBC.

Definitions for the code, average error probability, achiev-
able rate pair, and capacity region for memoryless broadcast
channels with common information are given in [6] and [10].
For finite-memory broadcast channels with common informa-
tion the definitions for the channel code and capacity region are
the same as for the memoryless channel. The definitions of av-
erage error probability and achievable rate for these channels
must be modified to take into account the channel’ sinitial state;
these modifications are analogous to the modifications for the
finite-memory broadcast channel with independent information
described above.
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IV. ACHIEVABLE RATES AND CAPACITY

In this section we show that the capacity region C of the
broadcast channel in Fig. 1 is equal to the capacity region of
the n-CGBC and the n-MGBC asn goesto infinity. In fact, we
prove amore general result. We show that if we extend the def-
initions of the LGBC, the n-CGBC, and the n-MGBC givenin
Section |11 to asynchronous Gaussian multiterminal channel [6,
Sec. 14.10], then the capacity region of al three of these muilti-
terminal channels is the same in the limit as n goes to infinity.
Since the broadcast channel is a specia case of a synchronous
multiterminal channel, we get our desired result. Thus, the ca-
pacity region C of the LGBC can be computed as the limit of
C,,, the capacity region of the n-CGBC, asn grows to infinity.
This limit is derived in Section V.

Theorem 1 contains the main result for synchronous multi-
terminal channels. The precise definitions of a finite-memory
linear, n-block circular, and n-block memoryless synchronous
Gaussian multiterminal channel aswell asthe proof of Theorem
laregivenin Appendix A. A key fact used in the proof of The-
orem 1 is that for a channel with impulse response of duration
m andany n > m, linear convolution becomesn-circular when
Tk = Tpyk, K = 1, ..., m, and n-circular convolution be-
comeslinear when 2. = zp_n, k=n—m-+1, ..., n. Corol-
lary 1 states the application of Theorem 1 to broadcast chan-
nels. Although Theorem 1 (and Corollary 1) assume indepen-
dent information is sent to each user, these results can be easily
extended to the case of common information. Therefore, Corol-
lary 1 applies to broadcast channels with or without common
information.

Theorem 1: Let C denote the capacity region of alinear fi-
nite-memory synchronous Gaussian multiterminal channel, C,,
denote the capacity region of an n-block circular synchronous
Gaussian multiterminal channel, and @2,, denote the capacity re-
gion of an n-block memoryless synchronous Gaussian multiter-
minal channel, as defined in Appendix A. Then

<lim sup C’n> = <lim sup Qn) = < U Qn)

n>m

=C = (lim inf C’n) = (lim inf Qn)

n—oo n—oo

where (-) denotes closure.
Proof: See Appendix A.

Corallary 1: For C, C,,, and (2,, asdefined in Section |11 we
have that

<liln sup C’n> = <liln sup Qn> = < U Qn>

n>m

== (imint o) = (imint Q).
Note that single-user and synchronous multiple-access chan-
nels are also special cases of the synchronous multiterminal
channel defined in Appendix A. Thus, [3, Corollary 1] and
[4, Theorem 1] are aso corollaries of Theorem 1, i.e., the
finite-memory, circular, and block-memoryless single-user
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(synchronous multiple-access) channels all have the same
capacity (capacity region) in the limit of infinite block length.

V. THE LIMITING CAPACITY REGION OF THE n-CGBC
We have shown in the previous section and Appendix A that

the capacity region

n— oo s oo n—oo

C= (Iiminf Cn) = <1imsup C,,,) = (lim Cn)

where C,, isthe capacity region of the n-CGBC. We now derive
an explicit expression for C,, and for the limiting region C.

For the n-CGBC, n > m, consider the input sequence over
one n-block {xx}7_,. The corresponding output sequences
{on}io, and {Z.}7_, have g, and z, given by (9) and (10),
respectively, and are independent of theinitial channel state S
by (8). Let {h;}7—¢ and {g;}"~ denote the impulse response
of length » obtained by padding the impulse responses {h;}
and {g;} withn — m — 1 zeros

{(hi}1d =(hoy +o oy B, 0, ..., 0)

and
, 0).

{gi};’;(} =(goy -+ Gm, 0, ...

Then we can rewrite (9) and (10) as

n—1

Uk = Z Ri (ke iy, + Uk (11)
=0
and
n—1
Z = Zéﬂ((k_i))n + W (12)

=0
Since invertible operations do not affect capacity, we can apply
the DFT to (11) and (12) without affecting the corresponding ca-
pacity region. The n-point DFT (By, ..., B,,) of the sequence
(b1, ..., by) isdefined as

Bk — Z bic—jQﬁik/n'
=1
Since (13) is periodic with period n, the same transform is used
for asequence (bo, ..., b,_1) by substituting bo for b,, in (13),
and then by periodicity By = B,,. Applying the DFT to both
sides of (11) and (12) we obtain

Vi = Hi X + Vi

(13)

(14)
and

Zk =Gu Xy + Wi (15)

for 1 < k < n. Thus, the n-CGBC is equivaent to a set of
n two-user paralel channels with kth-component channel as
shown in Fig. 2.

We will shortly show that if H; # 0 and G # 0 then
the kth-component channel in Fig. 2 is a degraded broadcast
channel. However, it is clear from this figure that if Hj, # 0
and G, = 0 then the kth-component channel reduces to
a single-user channel for receiver 1. Similarly, if H;, = 0
and G, # 0 then the Akth-component channel reduces to a
single-user channel for receiver 2. Finally, if H, = G, = 0
then no information can be transmitted to either user on the
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Hy, Vi
X5 Gk Wk

Fig. 2. kth-component channel.

kth-component channel. Rather than treat each of these cases
separately, we will proceed under the assumption that Hy, # 0
and G, # 0, then show that the resulting rate region yields the
correct rate pair for the kth-component channel in al cases.

Let usnow return to the DFT equations (14) and (15). For any
real sequenceb™, itsDFT B™ hasthe property that B, = B _,,
1 < k < n [11], where B* denotes the complex conjugate of
B. Using this property we can reconstruct the entire sequence
b* from B,, and B* for L = |n/2|. Thus, we can discard
the DFT terms BZ;} without losing any information. Note that
B, isred for n even or odd, and By, is rea for n even. We
define the following transform, which operates on the complex
components B,, and B* [3, eq. (24a)]

B, — BR {n, n odd
A ~ lnorL, neven
r_ L, n odd
Be=19 vanr, 15ks{L 1 (16)
—1, neven
Vv2BI . L<k<n

where BE = Re [B;] and B] = Im [By]. The transformation
(16) isinvertible with real outputs and inverse given by [3, eq.
(24b)] (with 0 replaced by n). We now divide both sides of (14)
by H;. and both sides of (15) by G}, to get

Y Vi
H, H,
and ) )
Zy, Wiy,
G G

Now applying transform (16) to both sides of (17) and (18) and
setting Y, = (Ya/Hy), Vi = (Vi/Hy), Z}, = (Z1,/G)', and

Vi =X+ W (19)
and

Zy =X}, + Wi, (20)

We show in Appendix B that under this transformation with
n > 2m the V/ and W] are statistically independent real white
Gaussian random variables with mean zero and variance

_ nN.(27k/n) a

, - = niNyy 21
T " (21

and
_ nN,(27k/n) 3 Nor.

(T )
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Moreover, using Parseval’ srelation for the DFT and the fact that
thetransform (16) conservesaverage power yieldsthefollowing
power constraint on X; [3]:

> E[(Xi)’] <n’P. (23)
k=1

Using the transform described above, the n-CGBC reducesto
the final equivalent channel model shown in Fig. 3. This model
consists of n parallel independent degraded broadcast channels
with additive white Gaussian noise, where the noise variances
at the two receivers are given by (21) and (22). By [8], [9] we
have that the capacity region for this set of parallel degraded
broadcast channels, assuming independent information only, is
given by the closure of theconvex hull of al (R;, R») satisfying

C + Cl ——
Z < Ny ) Z <N1k+ockPk

k: N1p<Nag ki Nop <Nip
(24)

¢ + c<—)
Z < Nag, ) . J\H%Nm Nop+op Py,

k: Nop <Nip
(29)

R <

;<

WhereC(x) = 0.510g(1 +JI), ar=1—ap,and0 < ap <1
for each k. In these equations, P, isthetotal power allocated to
the kth-component channel, o, isthefraction of P, alocated to
the user on channel k£ with less noise, and @, is the fraction of
P, dlocated to the user on channel & with more noise. Equiva-
lently, power @, P isused for the cloud centers of the superpo-
sition code designed for the kth-component degraded broadcast
channel, while power oy, P, isused for the fine pointswithin the
clouds[12]. Note that in (24) and (25) we have scaled both the
noise and signal power by n. Thus, from (23) the set { P, } must
satisfy the power constraint

1 n
g;Pk <P

In Section VI we give numerical examples of the optimal power
allocation within and between parallel degraded broadcast chan-
nels for several examples.

The capacity region (24) and (25) is derived under the as-
sumption that | Hy | and |G| are both nonzero. If |Hy| = |G| =
0 for some k then Ny = Noy, = oo, the contribution to R; and
Ro by the kth-component channel is zero, and so neither user
receives any information along the ith-component channel. If
|Hy| = 0 while|Gy| > 0then Ny = 0o > Ny so from (24),
user 1 does not receive any information over the kth-compo-
nent channel. Equivalently, the £th-component channel reduces
to asingle-user channel for user 2. Similarly, if |G| = 0 while
|Hy| > 0 then Nop = oo > Ny in which case (25) indicates
that user 2 will not receive any information over the kth-com-
ponent channel, and the kth-component channel reduces to a
single-user channel for user 1. Thus, the rate region (24) and
(25) isvalid for any |Hy| > 0 and |G| > 0.

Let wp = 2xk/n. Then by definition, |Hy|? = |H(w)|?
and |Gy |? = |G(wr)|?, where H(w) and G(w) are the channel
transfer functions defined in (3) and (4), respectively. Similarly,
Ny = N,,.(wk)|H(wk)|_2 and Nojp, = Nw(wk)|G(wk)|_2.

(26)
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Fig. 3. Equivalent channel model for the n-CGBC.

Define Nl(wk) = Nig, Ng(wk) = Ny, P(wk) = P, and
a(wy) = ay. Then (24) and (25) become

R < 2_: [Fi ) + Faloon)] @)
Ry < 2_) (Fawn) + Fa(wn) 28)
where
Fiw) =€ (TG0 ) 113 ) < ()
Fuon = (g e ) e < M)
Fan) =€ (ST ) 1 o) < ()
Fin) =C (o TP )P0  Nal

The power constraint (26) becomes

LS Pl <P, (29)
" k=1

By [13, Theorem 11.33b] if a function £ is bounded and
amost everywhere continuous on the interval [, #] then it
is Reimann integrable on the interval. Using this theorem and
defining dw,, = 27 /n we get that

. 1 n . 1 n
Jo 2D Pl = lm 57> Pl den
k=1 k=1
—_ 1 "
2w

Thefunctions Fi, F, F5, and F; are al bounded since C(-) is
bounded. Moreover, since C(+) iscontinuouswe need only show
that 1[V1(w) < Na(w)| and 1[N2(w) < Ni(w)] are almost
everywhere continuous to apply (30) to (27) and (28), where
Ni(w) = Ny(w)|H(w)| 72 and No(w) = Ny(w)|G(w)| 2. But
|H(w)| and|G(w)| are, by (3) and (4), continuousfunctionswith
a finite number of maxima and minima in any given interval.
Similarly, by (5) and (6), NV, (w) and N, (w) are also contin-
uous functions with a finite number of maxima and minima in
any given interval. Thus 1[N1(w) < Na(w)| and 1[Na(w) <
N (w)] have afinite number of discontinuities on any givenin-
terval, and are therefore almost everywhere continuous.

We now divide (27) and (28) by n, take the limit asn — oo,
and apply (30) to get that the capacity region C isthe closure of
the convex hull of all (R, R») satisfying

" (a(w)Pw)
C( Ni(@)

F(w) dw. (30)

1
R < —
2 J_,

) 1[N (w) < No(w)] dw

1 ¥(w)P(w)
* 27 /_,T © <N1(w) + a(w)P(w))
X 1[Nz (w) < Ni(w)] dw

1 [ a(w)P(w)
R2 S % . C <W> 1[N2((4)) < Nl(w)] dw

= / ¢ <N2<S(i)$)p<w>)

X 1[N1(w) < Na(w)] dw

where0 < «(w) < 1. Thesame procedure appliedto (29) yields
the power constraint
1 ™
2 J_.

Note that since H(w), G(w), N,(w), and N,,(w) are al sym-
metric functions, N;(w) and N»(w) are also symmetric, and
therefore the capacity and corresponding optimal power allo-
cation need only be calculated on the interval [0, #]. We can
thus use this symmetry to calculate the capacity region on the
interval [0, 7] only. Define

O ={wel0, 7]: Ni(w) £ Na(w)}

P(w)dw < P. (31)

and
2 ={w e [0, 7]: N2(w) < Ni(w)}.
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Substituting in for C(-) and using symmetry we get that the
capacity region C equals the closure of the convex hull of all
points (R, Ry) satisfying

1 ) a(w)P(w)
R1S% o 10g<1+m) dw

1 ) a(w)P(w)
o ), 1o <1 T M) + a(w)P@)

1 f ) a(w)P(w) "
H2= o 921"8<” ) d

) dw (32

1 WP@)
o Qfg<”Nz<w>+a<w>P<w>)d (33

where 0 < a(w) < 1 and the power constraint (31) becomes

l/ Plw)dw < P. (34)
T Jo

Equations (32) and (33) coupled with the power constraint (34)
complete our characterization of the capacity region for broad-
cast channelswith finite | SI and noise correlation, assuming in-
dependent information and an average power constraint P.

We can easily extend the derivation given above to obtain the
capacity region when the transmitter sends both common and
independent information. The resulting capacity region, given
in Appendix C, is characterized implicitly as the intersection of
six regions. Because of thisimplicit characterization it is much
harder to derive numerical results for the capacity region with
both common and independent information than for the case
of independent information only. Our numerical results in the
next section focus on the capacity region and optimal power
allocation for independent information only.

VI. ANALYSIS AND EXAMPLES

Numerical examples are useful for better understanding the
results presented in Section V. Consider a broadcast channel
with two receivers. Let H,;(w) denote the transfer function
over the channel associated with receiver ¢, i = 1, 2. We are
interested in finding the set C(H,, H,) of achievable rate pairs
(R, R») across the broadcast channel (H;, H»). Since the
achievable rate region is convex (by a time-sharing argument)
and closed (by definition), that region is entirely characterized
by its support functional J((\1, A2), (H1, H2)) [14, p. 135]
over al Ay, A» > O suchthat A\; + A2 = 1, where

2
sup )\sz (35)
(Rl,Rz)CC(Hl,Hz) Zz:;

J((A1, A2), (Hy, Ha)) =

Inthisequation, (A1, A2) describesaprioritization over therates
(Ry, Ry). For example, A1 < A, implies that the rate R; is of
higher priority than the rate R; . The vector (A\;, A2) isthe La
grangian constant in aconvex optimization problem. Thisvector
may be interpreted asthe“slope” or direction of aplane tangent
to the achievablerateregion at asingle point. By considering all
possible slopes and their associated tangent points, we trace out
the convex hull of the achievable rate region. Since the relative
rather than the absolute values of (A1, A) determineits direc-
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tion, thereisno loss of generality associated with the restriction
AL+ A = 1.

Combining (35) with (32) and (33), finding the outer
boundary of the achievable rate region is equivalent to finding,
for all )\17 Ao > 0 such that A+ =1

J((A1; A2), (Hi, H2))

= max
a(w), P(w)

[ L) -

+% o log <1+ Nl(f)(i)apc(:;z’(w)) dw}

oo e (v bt Y 4

subject to the constraints

7r_1/ P(w)dw =P
0

and 0 < a(w) < 1foralw € [0, 7.

Finding J((A1, A2), (H1, Ho)) foragiven (A, A2) requires
an optimization over all possible power allocations P(w) over
the range of frequencies w € [0, #] plus a power alocation
a(w) between the cloud centers U and the detail points X sent
over a particular channel, where for each w € [0, 7], @(w) is
the fraction of power P(w) dedicated to the cloud centers and
olw) = 1 — a(w) is the remaining portion. Lagrangian op-
timization may be used to simultaneously optimize over «(w)
and P(w) subject to the constraints a(w) € [0, 1] for all w and
77! [y P(w)dw = P. Solution of this Lagrangian and consid-
eration of the boundary conditions P(w) > 0 and a(w) € [0, 1]
for al w yieldsan optimal interfrequency power allocation P(w)
and an optimal intrafrequency power allocation o (w).

Theoptimal interfrequency power allocation P(w) isawater-
filling solution with two water levels scaled by the priorities
AL, Ao [8] That is,

Plw _{()\10—]\71(¢0))Jr
L Qae—MNo(w)*

if )\QC_NQ(CU) < )xlc—Nl(w)
if )\QC—NQ(w) Z )\16—N1(w)
(36)
where (z)* = z - 1[z > 0] and c is chosen to satisfy the power
constraint 7~ f* P(w) dw = P across the frequencies.

Fig. 4 shows the optima interfrequency power alo-
cation for a channel with additive white Gaussian noise
[Ny(w) = Ny(w) = 1 for dl w] and a pair of receivers
described by one low passfilter and one high passfilter. Results
for a variety of (A1, A2) values are given. A similar diagram
for apair of low passfiltersappearsin Fig. 5. In each graph, the
solid lines indicate the noise functions N;(w) = |H;(w)|~2,
1 = 1, 2, and the height of the shaded region for each frequency
describes the power allocated to transmitting information
at that frequency. As indicated by (36), at each frequency,
water-filling is done on either N;(w) or Na(w). Water level
Arcisused at all frequencies w for which water-filling is done
on Ni(w) and water level A;c isused at al frequencies w for
which water-filling is done on Nz(w). The water-filling at a
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Fig. 4. Optimal power allocation for N1 (w) = 2(w? + 1)/3 (corresponding to a channel characterized by a low-pass filter) and No(w) = (w? + 1)/w?
(corresponding to achannel characterized by a high-passfilter). Solid linesindicate the noise functions NV; (w), i = 1, 2. The height of the shaded region for each
frequency indicates the power P(w) allocated to transmitting information at that frequency. Since the noise functions are even symmetric, only the frequencies
between 0 and 7 are shown.
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Fig.5. Optimal power allocationfor Ny (w) = 2(w?+1)/3 and Nz (w) = 2(w?+41/8) (both of which correspond to channels characterized by |ow-passfilters).
Solid lines indicate the noise functions V; (w), ¢ = 1, 2. The height of the shaded region for each frequency indicates the power P(w) alocated to transmitting
information at that frequency. Since the noise functions are even symmetric, only the frequencies between 0 and = are shown.

particular frequency w is done on whichever N;(w), ¢ = 1, 2 One interesting consequence of the optimal interfrequency
gives the higher power allocation at that frequency. That is, if power alocation equation is that the power alocation at a fre-
quency w may be based on thelarger of thetwo noiselevels. For
Aac = NQ(w) Z Me— Nl(w) example, if Nl(CU) > Ng(w) but Aic— Nl(CU) > Aoc— Ng(w),
then water-filling is done on Nz(w) whereas if then the power P(w) will be awater-filling on the higher noise
Ni(w) (this is possible only if the priority A; on rate R; is
Aze = No(w) <hie— Ni(w) gre;te)r than the priority A, on rate R»).
then water-filling is done on N (w). No power is allocated at The fraction a(w) of the power in a given channel used to
any frequency w such that Ny(w) > Aicand Na(w) > Ase.  sendinformation to the better receiver for that channel likewise
Thusthe power allocated at frequency w dependsonthepriority  varies as a function of the noise functions N;(w) at that fre-
values described by A\; and A\, and the noise levels V1 (w) and  quency aswell asthe priorities on the two receivers, asis shown
N3 (w) at the two receivers. in the equation at the bottom of the following page.
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Fig. 6. Optimal power allocation P;(w) for asingle frequency w as afunction of Ny (w) and N2(w). The power P;(w), ¢ = 1, 2 isthe power used to send

information to receiver ¢ at frequency w.

Let P;(w), ¢ = 1, 2 bethe power used in sending information
to receiver ¢ at frequency w. Then P (w) + P>(w) = P(w) for
al w € [0, n] and

Pw) = {a(w)P(w), ifwe i1 o
Tl - aw)Pw),  ifeeqs T
where
O ={w €0, 7]: Ni(w) < Na(w)}
and

Qe =Qf ={w € [0, 7]: Na2(w) < Ny(w)}

as defined in Section V-A plot of the optimal power allocations
P, and P, for asingle frequency as a function of both Ny and
N, at that frequency appearsin Fig. 6. Notice that the power is
shared between thetwo channels (o(w) € (0, P(w)) only when
Az/ A1 falls between (P(w) + Na(w))/(P(w) + Ni(w)) and
Ny(w)/Ni(w). All other frequencies are dedicated to sending
power to one or the other receiver but not both.

Fig. 7 reworks the power allocation example of Fig. 4 to
show the power alocated to each receiver. Dark shading indi-
cates the power allocated to receiver 1 and light shading indi-
cates the power allocated to receiver 2. Similar results appear

in Fig. 8 for the example of Fig. 5. The dotted vertical line in
each graph indicates the location of the boundary between the
set {w: Aae— Na(w) < Aye— Ni(w)} onwhichwater-fillingis
done on N, (w) and the set {w: Aac — Na(w) > Ajc — Ni(w)}
on which water-filling is done on N;(w). Notice that while
the interchannel power allocation does its water-filling on a
single filter for each frequency, P(w) = Aic — Ni(w) does
not imply that al of the power is being alocated to user 1,
nor does P(w) = Asc — Na(w) imply that al of the power is
being allocated to user 2. In fact, at any single frequency, power
sharing between the two users occurs only if A»/A; falls be-
tween (P(w)+N2(w))/(P(w)+ N1 (w)) and Na(w) /N1 (w), 88
discussed earlier. Oneimplication of this equation isthat power
sharing only occursat values of w for which water-fillingisdone
on the channel with higher noise. Another implication is that
when the gap between (P(w) + No(w))/(P(w) + Ni(w)) and
Nz(w)/Ni(w) is small, power sharing is done at very few fre-
guencies. Inthiscase, frequency division, where each frequency
is assigned to just one of the two users, will achieve near-ca-
pacity rates.

Given the optimal power allocation «(w) between receivers
at agiven frequency and the optimal power alocation P(w)

- AlNQ(w)—)\QNl(w) P(w)—l—Ng(w) & Ng(w) Ng(w) & P(w)—l—Ng(w)
a{w)Pw)= SIS L P M@ S h M@ M) “h S PN <t
)\2 P(w)+N2(w) Ng(w) Ng(w) P(w)—i—Ng(w) )\2
[ P NP M@ M@ M) S P@)r N < n
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Fig. 7. Optimal power allocated to each receiver for Ni(w) = 2(w? 4+ 1)/3 and Nz(w) = (w? 4+ 1)/w?. Solid lines indicate the noise functions V; (w),
i = 1, 2. The height of the shaded region for each frequency indicates the power allocated to transmitting information at that frequency. Dark shading indicates
power transmitted to receiver 1. Light shading indicates power transmitted to receiver 2. The dotted vertical linein each graph marks the location of the boundary
between the set {w: Azc — Na(w) < Are — Ni(w)} on which water-filling is done on N1 (w) and the set {w: Azc — Na(w) > Arc — Ni(w)} on which
water-filling is done on N (w).
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Fig. 8. Optimal power alocated to each receiver for Ni(w) = 2(w? 4+ 1)/3 and Nz(w) = 2(w? + 1/8). Solid lines indicate the noise functions N; (w),
i = 1, 2. The height of the shaded region for each frequency indicates the power allocated to transmitting information at that frequency. Dark shading indicates
power transmitted to receiver 1. Light shading indicates power transmitted to receiver 2. The dotted vertical linein each graph marks the location of the boundary
between the set {w: Azc — Na(w) < Are — Ni(w)} on which water-filling is done on N1 (w) and the set {w: Azc — Nao(w) > Arc — Ni(w)} on which
water-filling is done on N (w).
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Fig. 9. Ratefunctionsri(w) and rz(w) for Ni(w) = 2(w? + 1)/3 and Na2(w) = (w? + 1)/w?. Dashed lines indicate rate r; («) while solid lines indicate
rate r»(w). The marginal Lagrangian function j(w) = Ayri(w) + X272 (w) appears as adotted line.
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Fig. 10. Ratefunctionsry(w) and 72 (w) for Ny(w) = 2(w? +1)/3 and N5(w) = 2(w? 4 1/8). Dashed linesindicate rate r, (w) while solid lines indicate
rate ro(w). The marginal Lagrangian function j(w) = Airi(w) + A2r2(w) appears as adotted line.

between frequencies, we can now plot therate r;(w), ¢ = 1, 2
sent to receiver ¢ at frequency w, where

1. a(w)P(w) .
e 5103 <1+W>, ifweQ
I IO &(w)P(w) _ .
2o (1 3 Taor) T
fori =1, 2

is the marginal portion of rate R; contributed by frequency w
in (32) and (33). A plot of ; (w) (dashed line) and r»(w) (solid
line) for the example of Fig. 4 appearsinFig. 9. Alsoincludedin
thisfigureisaplot of j(w) = A\y71(w) + Aera(w)(dotted line).

A plot of these marginal ratesfor the pair of low-passfiltersfirst
described in Fig. 5 appearsin Fig. 10

Each »;(w) curve in the previous figures corresponds to a
single value of the priority vector (A1, A2). Integrating any
ri(w) and ro(w) over Al w € [0, n] gives the optimal rate
(R, R») associated with that Lagrangian constant. Repesating
this process for each (\;, A2) such that \; + > = 1 traces
out the capacity region associated with the given channel
without common information. The capacity regions for the two
examples considered above are shown in Fig. 11.

VIl. CONCLUSION

We have obtained the capacity region of a finite-memory
broadcast channel with ISl and colored Gaussian noise under
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Fig. 11. The outer convex hulls of the capacity regions of two different broadcast channels. The first example, labeled L PHP shows the capacity region of the
broadcast channel described by Ny (w) = |Hi(w)| 72 = 2(w? + 1)/3 and Na(w) = |Ha(w)| 72 = (w? + 1)/w?. The second example, labeled LPLP, shows
the capacity region of the broadcast channel described by N1 (w) = 2(w? + 1)/3 and No(w) = 2(w? + 1/8).

an averageinput power constraint. Thiscapacity regionisshown
to equal the capacity region of an n-circular Gaussian broadcast
channel as n grows to infinity. The n-circular channel for any
n can be decomposed using the DFT into a set of parallel inde-
pendent degraded broadcast channels, for which the capacity is
known. Taking the limit of this capacity region asn increasesto
infinity yields the desired capacity region.

We then solve numerically for the convex hull of the ca
pacity region and the corresponding optimal power allocation
for two example channels. The optimal power allocation is ob-
tained via awater-filling in the frequency domain with two dif-
ferent water levels, where the water levels depend on the rela-
tive priorities of the different users. We also describe the fre-
quencies that have power sharing between the users. Numer-
ical results for the power alocation and capacity are obtained
for both examples, where the first example has one low-pass
channel and one high-pass channel, and the second exampl e has
two low-pass channels. The graphical interpretations for power
alocation and capacity giveinteresting insightsinto the protocol
for broadcast channel s sending independent information. In par-
ticular, for broadcast channels where there is just a small range
of frequencies with true power sharing, frequency division of
the broadcast spectrum with optimal power allocation achieves
close to channel capacity.

Our numerical results are for broadcast channels used to send
independent information to multiple users. For broadcast chan-
nels with common information the capacity region is implic-

itly obtained as the intersection of six regions. Due to thisim-
plicit characterization it is difficult to obtain numerical results
or any intuition about the optimal power allocation and corre-
sponding capacity region for finite-memory broadcast channels
with common information.

APPENDIX A

In this appendix, we extend the definitions of the finite-
memory, circular, and block-memoryless broadcast channels
given in Section Il to general synchronous multiterminal
channels (networks) [6, Sec. 14.10]. We then prove Theorem
1: that the capacity region of al these channelsis the samein
the limit of infinite block length.

Consider adiscrete-time synchronous multiterminal channel.
The channel model consists of L nodes, where each node po-
tentially sendsinformation to and receivesinformation from all
other nodes. Node ¢ transmits real input sequence

{x(t)[k]} =(- L(t) [1], x(t)[z]v o)
and receives real output sequence
{vwE} = (- vyl yol2), -

The synchronous multiterminal channel under consideration
is a linear channel with stationary colored additive Gaussian
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noise of finite memory. In particular, at time %, node » receives
channel output ¥, [k] given by

L m
Yy K1 =D 1 b il [k —il| + Vi *]
t=1 L:=0
Zh(t ) k] *a:(t)[k] =+ V(, [k]
where * denotes linear convolution. For any node
r € {1,..., L}, V,»[k] represents a stationary random

receiver noise process with mean zero and autocorrelation
function R(,,[i]. By assumption, the autocorrelation function
has finite support, and thus there exists a finite 4,,,, such that
Reyli] = 0foral |i| > imax and al 7. For each pair of nodes
(t,r) € {1, ..., L}Y?, {hq,~[k]}7, denotes the real finite
impulse response of the channel through which the signal
transmitted by node ¢ and received by node r travels. The
duration m of that impulse response does not vary as afunction
of (¢, r), although for some (¢, r) pairs setting h; ,[k] = 0
for & < m will effectively create a shorter impulse response for
these channels. We call m the channel memory and, without
loss of generality, assume that m > 4y,,,.5 The channels have
ISl since the channel output at time & depends on the input
symbols {z()[k]}ieqy, ..., Ly a@timek aswell as previousinput
symbols {z)[i]}eeqr, .., 23, @ < k. In addition, the noise
sample V.. [k] at time & is correlated with noise samples V) [4]
attimes: < k.

While the above channel model allows all nodes to simulta-
neously transmit and receive information, notice that it does not
preclude channel scenarioswhere some nodesact exclusively as
transmitters and others act exclusively as receivers. These spe-
cial cases may be achieved by setting appropriate filter coef-
ficients to zero. For example, h,, .,[k] equals zero for al & €
{0, ..., m} when index ¢ designates a node that transmits no
information while i. .. [k] equalszerofor dl & € {0, ..., m}
when index » designates a node that receives no information.
Further, h(; 1 [k] generaly equals zerofor al k € {0, ..., m}
andall ¢t € {1, ..., L} sincethereis no need for any node to
transmit information to itself. For example, a broadcast system
withasingletransmitter (node 1) and two receivers (nodes 2 and
3) may beachievedinan L = 3 system by setting 2, (k] =0
foradlt e {2,3},re{1,2 3}, andk € {0, ..., m}andfor
t=1,r=1,andk € {0, ..., m}, thereby specifying that only
node 1 transmits information and nodes 2 and 3 receive thisin-
formation. Specifically, nodes 2 and 3 receive

m

e[kl =D ha, ek — i+ Vi [£]
=0
TOILES E:Mladﬂﬁ — 1+ Vg lH]

2=0
=hq, 3)[k] = 21y [k] + Via) K]

S1f m < imax, We pad al impulse responses with zeros to obtain the desired
property.
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while node 1 receives only noise, which may be discarded. The
synchronous multiple access channel is likewise a special case
of our general channel model.

For any transmitter—receiver pair (¢, r), the transfer function
of the associated channel is

Hpmy(w

Zh(“) ile™ Jiw

The spectral density of node »’ s receiver noise processis

m—1

>

i=—(m—1)

N(,) (w) = R(T)[’I;]C_jiw.

We assume an average power constraint 7, for each transmitter
t so that for al n,

—ZE[@M<%)

foreach ¢ € {1, ..., L}, where the expectation is taken with
respect to the distribution on the randomly chosen codeword
(X[, ..., Xu[n]). For a given m we cal this channel
the linear Gaussian multitermina channel (LGMC) with finite
memory m and average power constraints (1), ..., F(r))-
We define the initial state at transmitter ¢ as

./‘V(t?()) = (.’Ij(t) [—m + 1], ce Ty [0])
This initial state, which determines the ISl from the previous
codeword transmission to the current codeword transmission,
impacts the first /. channel outputs at each receiver. We define
theinitial channel state at receiver r as

V(T, 0) = (‘/(1) [_m + 1]7 AR ‘/(1) [0])
This initia state affects the first = channel outputs at the rth
receiver due to noise correlation.

For any integers a, b > 1, letz® = (zf,,, ..., 2{;,) and
® = (aly oo aly ) wheread,) = (wp[1], -, 2glal)

and x(,) , = (zwlal, ..., z()[b])- Thus z* and @, describe
channel inputs for al nodes 1, ..., L at times 1, ..., a and

., b, respectively. Definey® and > similarly. We now de-
fine two n-block memoryless channel models derived from the
LGMC. A multiterminal channel is n-block memoryless if for
any integer K

K
p(ylsnkl,lsn) — Hp (y?lzl—l)n,+1|mé€£_1)"+1) . (37)
k=1

For any such channel, the channel outputsy,,[k] in any n-block
transmission are conditionally independent of channel inputs
x4 [k] and noise samples V.., [k] from the previous and subse-
guent n-blocks given the channel inputs of the current »-block.
In addition, the outputs y,[k] for 1 < k& < n are independent
of al initial channel states A{; ¢y and V,. oy given the channel
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inputs (k] for 1 < & < n. Note that if we send codewords
of length ! # Nn over an n-block memoryless multiterminal
channel then the previous codeword transmission may affect the
channel outputs corresponding to the current codeword trans-
mission, since the n-block memoryless channel is not I-block
memorylessif [ is not an integer multiple of n.

The circular multiterminal channel model, defined for
n > m, is an n-block memoryless channel obtained by mod-
ifying the LGMC with memory m. Specificaly, the n-block
circular Gaussian multiterminal channel (n-CGMC) over
each n-block has red input 2" = (27 Ty e x?L)) which
produces the real output " = (Q?l), T ,)) where for any
r e {1, e, L}, ng) = (gj(”[].], e y(7 [71]) with

G lH = — ))n] + Vi [4]

Z Z hae, il [((

t=1 =0

L
= e, r) (K] @ zy [K] + Vi [K]

t=1

(39)

where @ denotes circular convolution and ((s)),, again equas
s modulo n except when s is zero or an integer multiple of n,
inwhich case ((s)),, = n. The noise process over each n-block
{Vi ]} 5=, isdefined as a stationary Gaussian process with
B[V [K]] = 0 and

E[Vi [FVi ] £ Rk — 1]
= R(,,) [k=1]+ R(,,) [k —1+mn]
+ R(,,)[/f -1 - 71]

Thus, the noise autocorrelation function is periodic for noise
samples within an n-block. Noise samples from different
n-blocks are independent since the channdl is n-block memo-
ryless. The n-CGMC inheritsthe LGMC'’s power constraints.

The n-block memoryless Gaussian multiterminal channel
(n-MGMC), defined for n > m, is obtained from the LGMC
with memory m by restricting its outputs. Specifically, the
n-MGMC derived from the LGMC with memory m has real
input vector ™ over each n-block with corresponding output
vector at hode » given by

(Gm+1], . G [n]) = (Y m + 1], - v [2]).
Thus, for any receiving node r and any n-block, 4,-[k] is unde-
fined over thefirst m symbols of the n-block and equals y, [#]
elsewhere. Note that noise samples from different n-blocks of
the n-MGMC are independent due to the fact that R(,,[i] = 0
for |{| > m. Like the n-CGMC, the n-MGMC inherits the
LGMC's power constraints.

For any multiterminal channel, let X denote the common
input aphabet of al the transmitters and ) denote the
common output alphabet of all the receivers. For the LGMC,
n-CGMC, and n-MGMC, X = Y = Z = R. For each ¢,
r € {1,..., L}, let M, ) be a positive integer and let
My = {1,..., My »}. Then an [{M, ,}, {] code for
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an L-user multiterminal channel with independent information
contains a family of encoders

Xét): M(t 1) X M(t 2) X .
Xy W1, W) =

X M(t,L) — Xl,

(X(t)[l], e X(t)[l])

for transmitters¢ € {1, ..., L} and afamily of decoders

diy: V! =M,y x...
doy (V) = (Wims -+

(For any t = r, encoder X! () and decoder dy,(-) both sit
at node ¢.) In our definitions for the encoders and decoders, we
simplify our notation by assuming that node ¢ € {1, ..., L}
sends amessageto itself; in practice, no such message would be
sent. Using this code, the rate transmitted from node ¢ to node
ris

X M(L7 )

VV(L,,,)) . (39)

1
Ry =7

%tt'ng M(t,t) - 1 g|VeSR(t7t) - 0
Let

IOg M(E r)-

d(Y') = (dwy(Yy), - dy (V1))

denote the full vector of all decoded messages, and similarly let

W = ((W(L 1), ey W(L,l))7 ey (W(I:L)7 ey W(L,L)))

denote the corresponding vector of transmitted messages. The
average error probability of an [{ M, .}, {] codefor an L-user
multiterminal channel with finite memory and initial channel
states { X, ), Vir, 0)}» @suming a uniform message distribu-

tionon Wy, .y € M, for each (¢, r), is defined as

1
Pel ({X(t: 0)> V(”: 0)}) = . I
H H M(t,r)

t=1r=1

X ZPr |: Yl 75 'w|W w, {A(t 0)> V(, 0)}:| (40)

Note that for n-block memoryless channels, including the
n-CGMC and the n-MGMC, an [{ M, ,y}, Nn] code for any
integer NV has error probability that isindependent of theinitial
channel states by (37).

A rateset { Ry, )} isachievable for an L-user multiterminal
channel with finite memory if for every v > 0 there exists a
sequence of [{ M, (1)}, ] codesfor this channel with

1
7 IOgM(tﬂ,)(l) > R(tﬂ,) -

for all { and

sup P{{Xu 00 Vir,0)}) — 0

{¥¢, 00, Vir 00}
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as! — oo. The capacity region for a multiterminal channel is
the closure of the set of achievable rates. Since we are using
block codes, time sharing gives us convexity of these capacity
regions without an explicit convex hull operation.

We denote the capacity region for the LGMC, obtained using
the above definitions, by C. We denote the capacity region for
the n-CGMC by C,, and the capacity region of the n-MGMC
by @,.. Ingenera, then-CGMC and n-MGMC and their corre-
sponding capacity regions C,, and 2,, vary with n.

The first lemma states that C is contained in the capacity re-
gion of the n-CGMC in the limit of infinite n.

Lemma 1:

¢ ¢ (mirc,)
where (-) denotes closure.

Proof: We must show that every rate set { Ry, )} achiev-
able for the LGMC may be approached, to arbitrary accuracy,
by arate set achievable for al »n-CGMC’s with »n sufficiently
large. Consider any rate set { R; )} € C. Fixe > 0and~y > 0.
Then we can find ng > m such that for all n > ng

(41)

(Ra,r) 1 > B =5

) n
n—+m

Consider now an (n + m)-CGMC for any fixed n > ng.
For this channel we must find, for al [ sufficiently large, an
({M,}, 1] code with error probability

sup pel({X(f7 0)> V(T, 0)}) < €
{X2,0):Y(r,0)}
and
log M, .
BN S Ry -y Vre{l,... L}

l

Let usfirst assumethat I = N(n +m). Then, since { Ry .} €
C, for adl N sufficiently large we can find an [{M(; .y}, Nn]
code for the LGMC with

sup P?rn({X(t70), V(T: 0)}) <e€

{Xe,0):Vir.0)}

and

Ve, re{l,...,L}. (42

log M¢;
e L
Let us denote this code by Sy, .
Now consider an [{ M, .y}, N(n + m)] code T (s4m) fOr
the (n + m)-CGMC derived from the Sy, code as follows.
We design the 7 (,,4..,,) code to recreate the ISl of the LGMC.
Specifically, the Sy, code can be broken down into V blocks,
each containing n symbols (giving NV n-blocks). We break the
TN (n+m) COdeinto N blocks of (n 4-m) symbols each where
thefirst n» symbolsin the ith block of the 7(;, 4.,) code are the
same asthefirst n symbolsin theth block of the Sy, codeand
the last m symbolsin the ith block of the 7y (,, 4., code are the
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last i symbolsin the (¢ — 1)th block of the Sy, code. The last
m symbols in the first block of the Zx (4, code are chosen
arbitrarily (corresponding to an arbitrary initial state &', o) for
the Sy, code). More precisely, if the encodersfor code Sy, are
given by

Xg)n’ (W(t7 IOTIERR W(t,L))

= (X(t)[l], cees X(t)[Nn])

then the corresponding encoders for code 7 () @€

X (W ays -0 W)
= (X[, ..., Xnlnl, Xp[-m+1], ..., Xp»[o],
Xpyn+1], ..., Xp[2n], Xpy[n—m+1], ...,
Xpyn), s Xpl(V=1)n+1], ..., Xpy[Nn],

X(t) [(N—l)n—m—i—l], ey X(t)[(N—].)TL]) . (43)

The decodersin the 7y (,,4) code operate on the first n of
the (n + m) channel outputsin each (n 4+ m)-block using the
same decoder mappingsasinthe Sy, code. Specifically, if d,
denotes the decoder mappings for the Sy, code (as given by
(39)) then the decoder mappings of the 7, 1) code are given

by
do (YN<n+m>)

FNn+(N—1)m
Yr(r), (]\‘r—l)(n—l—rn)—l—l)

= d(’) (YE?), 1 (7) n—l—rn—l—l’ Tt

= (Wi s Wia ) - (44)
By using our code structure to recreate the IS| of the LGMC on
the CGM C weeffectively convert the circular convolution of the
(n+m)-CGMC into thelinear convolution of the LGMC. Since
thenoiseonthe (n+m)-CGMCiscircular, if the 7y (,, ) code
usesthe same decodersasthe Sy, codethenitserror probability
on the circular channel equals the error probability of the Sy,
code on the linear channel, as we now explicitly show.

We assume the same (arbitrary) initial states { X, o), V(i 0)
on the (n 4+ m)-CGMC as on the LGMC. Consider an arbitrary
message set {wy;, ) ;- The Sx,, code, whichisdesigned without
knowledge of the initial channel states {X(; o), Vi, 0y}, Qives
channel inputs

(Xl -, Xy[Nn])

Xy(we, 1y, - we, ) =

and channel outputs Y( , Whilethe 7 (,,4.m) code has channel
N(n+m) In

input given by (43) and corresponding outputs Y(
particular, the first n outputs of the (n + m)-CGMC with the
Tn(n+m) COde are given by

Y(7 k] Z Z h(t r) L]X(t) - i))ﬂ+m] + f/(r) [k]
t=1 ¢=0
L m B
=3 b, i1 Xk — il + Vi [K].
t=1 =0
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Since the first » outputs of the LGMC with the Sy, are given
by

L m
Yolkl = D2 - bt li1X ok = il + Vi [K]
t=1 =0
we have that Y, (k] = Y, [k] — Vi [k] + Vi [k]. Thefirst n
outputsof each subsequent (n+rm)-block of the (n+m)-CGMC
satisfy a similar equation. In particular,

crin+(i—1)m
(r), G=1)(n4+m)+1
__yvin in i (i—1)m
= Y(r), (i—L)n+1 — ‘/(r): (i-l)nt1 t V,,)7 (i—1) (npm) 417

1<i<N. (45)

Let us now consider the error probability X +™) of the
7N (ntm) COde, which isindepgndent of theinitial channel states
{&e, 0y, Vi, 00} by (37). Let £, denote the error event

s a0 O 2n4-m -Nn+(N—1)m
&= [d("> (Y(T),l’ Y(i),tl+m+1v 0 Yo, (N—l)(n+m)+1)
7£ (w(l, [DERRRE w(L,r)) |

(Wt o Wieasm) = (0,095 o w0, ) | -

Then the probability of decoding error using decoder (44) at
receiver r given the transmitted messages (w(y, ), - - -, W(z, r))
is

PYCH ) = Prlf ]

Similarly, let &, denote the event that the rth receiver of the
LGMC makes an error with the Sy;,, code for the same message
set. Note that this error event is not independent of the initial
states. Thus

g,, = [d(,) (Y'(J:;n) 75 (w(ly,,), . w([”,,))‘
(W(LT), ey W(L’,,)) = (w(ly,,), ..

{X,0 Vioy} ] -
Abbreviating [ ... [ f(v¥)dvy ... dup by [ f(v*)do* for

v; € R, we have
f/?’(n-l—m,) _ UN(n-l—rn):|

Pr[€,]= /Pr [é, ")

xp (V) = o)) gy

(r

@ /Pr [é,

*rNn+(N—1)m _  Nn+(N-1)m
Vi), (N—D(ntm)41 = U(N—l)(n—l—nl)-i—l:|

x p (V) = Nt ) gy Nt

(g) / Pr [é,

*rNn+(N—1)m _  Nn+(N-1)m
V(r), (N—1)(ntm)+1 — U(N—l)(n—l—nl)-i—l:|

N
i (n+m) _i(n+m)
x 1:[11’ (V(r), (i~ 1) (ndm)+1 = U(i—l)(n,-l—n),)-l—l)

A w(ﬁ, 1)) )

‘/(:L,):Un, .

‘/(:L,):Un,

7
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% dv N(n+m)

© /.Pr [f‘,

f/Nn-I—(N—l)rn Nn+(N—-1)m :|

‘/(:L,) = rUn7 .
(), (N=1)(ntm)+1 = Y(N=1)(n+m)+1
N
crin+(i—1)m _ an+(Gi—1m
x 1:[11’ (V(r),(i—l)(n-l-m)-l-l = U(i—l)(n-l—m)-l—l‘

‘ri(n+m) _ Ui(n—l—rn) )
), in+GE—1m+1 — “int+(i—1)m+1

N
cri(nt+m) _ _i(n+m)
X Hp (‘Qr),in—l—(i—l)rn—l—l - Uin—l—(i—l)rn—l—l)
=1

% va(n-I—rn)

<g>/.../
(/’.../

Pr |:(§, f/(’:) =v" ...,

S Nn+(N—1L)ym _  Nn+(N—1)m
Vi, (=D (nbm)+1 = ”<N—1><n+m>+J

N
Crint(i—1)m _ _in4(i—1)m

x Hp (V(r), G—D(ntm)+1 = Y1) (nt+m)+1 ‘

=1

“ri(n4m) _Ui(n+rn) )]
(r), in+(i—1)m+1 " Yin+(i—1)m+1

n Nn+(N—-1)m
dv™ ... dU(N—l)(n-q-m)-q-l

N
cri(n+m) _i(n+m)
X H P (‘/(r),in—l—(i—l)rn-i—l - Uin—l—(i—l)rn-i—l) )
=1

n+m N(n+m)
dvn-l-l T van—l—(N—l)rn-l—l

rNn+(N—-1)m __ ~Nn
Vi), (N =) nemy41 = ”(N—l)n+1}

Ve =0

N
“int+(i—1)m __ nin
x [[lp(v(r), (i—1)(ntm)+1 = Y(ii—1)n+1 ‘

‘ri(n+m) _—im ~Nn
‘/(1’),in+(il)nl+l_v(i—1)"l+1)] di

N
i (n+m) __—im —Nm
x Hp (V(r), in(i—1)m+1 —U(v‘,—l)m+1)> dv
=1

VNn—I—(N—l)rn Nn :|

‘/(:1):{}717 ey

("), (N=D(n4m)+1 — @(N—l)n-l—l
N
XHp(V(igz(i—l)n-l-l = ﬁé?—l)n,+1‘

=1

(i=1)n __=im ~Nn
‘/(7’)7 (i—1)n—m+1 _U(i—l)nl+1)] dv

N
Sri(n4m) _ —im —Nm
XHp (Vv(r),in—l—(i—l)nl—l—l _U(i—l)nz+1)> dv
=1
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‘/(:E):@TL’”'

@/(/lpr e, |

Vi (N— D1

N
X Hp(V(’;T;” (i—L)n+1 — {}E?—l)n-{—l‘
=1

_ ~Nn
= U(Nfl)n+1:|

(i=1)n __—im ~Nn
V(T), (i—1)n—m+1 —U(i_l)m+1)] dv

N
i (nt+m) __—am Nm
x Hp (‘/(1’), in+(GE—1)m+1" U(i—l)"l-i-l)) du
=1

= / <Pr 2

N
i (n+m) _ —im —Nm
< Lo (VS ey = i) ) dv
=1

= PI‘ [8, {X(t,O)v V(T, 0)}] (46)
where (a) follows from the fact that the decoder mapping (44)
only operates on

crint(i—1)m
Yr(r), (i—1)(n+m)+1°

and, therefore, the decoder decision is only afunction of

crint(i—1)m .
Vv(1’):|—((ifl))(n+rn)+l’ I<i< N7

(b) follows from the (n + m)-block memoryless property of

the noise 17(,,); (c) follows from conditioning; (d) results from

splitting theintegral over v (*+m) ¢ RN (»+m) into two pieces;

(e) followsfrom renaming the dummy variablesin theintegrals;

() followsfrom thefact that the noise autocorrelationiscircular

R(?‘) [k_l]
IR(,,) [k—l]+R(,,)[k—l+(n+m)]+R(,,) [k=1— (n+m)]
over each (n + m)-block, so that

rin+(i—1)m _ nin
( ), i—)(n+m)+1 — U(ifl)n+1|
Cri(n+tm)
(r), in+(i—1)m~+1

{0 Vir0) ]

1<i<N

_ —im
- U(i—l)rn-l—l)

= p(Vé’i (i—L)n+1 — @Z?—l)n+l|
(ifl?" —_ Eim )
(r), (i—1)n—m+1 (t—L)ym+1/»
(g) follows from (45) and the decoder definition (44); and (%)
follows from properties of conditioning.

Therefore, for an arbitrary set of messages and initial
channel states, the error probability at the rth receiver of the
(n + m)-CGMC using the 7y (,,4.,) code equals the error
probability at the rth receiver of the LGMC using the Sy,
code. Since by assumption P™ as given by (40) is less
than ¢ for any set of initial channel states { X', oy, Vi 0y} by
combining (46) with (40) we get that the 7y (,,4m) code has
error probability PN < ¢ on the (n + m)-CGMC. The
corresponding data rates are
10g M(tﬂ,)
N(n+m)

Nn

_ 10g M(tﬂ,) >
N(n+m) ~

o Nn

.
Ry — 5

Ve, re{l,..., L}
by (41) and (42).
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Let us now consider arbitrary values of [
Il=N(n+m)+n, ne€{0,...,n+m— 1}
We form an [{M; .y}, N(n + m) + n'] code for the (n +
m)-CGMC by appending »’ arbitrary symbolsto the codewords
of the[{ M, }, N(n-+m)] code described above. The decoder
at each receiver discards the last n’ outputs that it receives. For
every initial channel state the error probability of this code is
the same as that of the [{ M(; .}, N(n 4 m)] code since the
decoders operate on the same received symbols. The code rate

equals

log M4 B log Mty
Nn+m)+n

N(n+m)

> 3 —
N(n+m)N(n+m)+n’_R(t’7) i
vt,re{l,..., L} (47)

for [ sufficiently large. For systems with multiple codeword
transmissions the /-block code is transmitted at integer multi-
ples of n + m to maintain the same channel properties on each
transmission. Equivalently, for 1 < n’ < n+m—1, thel-block
codeispadded with (n+m—1)—n’ zeros, so that the next code-
word transmission starts at an integer multiple of n + m. This
causesanegligiblerate penalty for V sufficiently largeascan be
seen by substitutingn+m —1 for n’ in (47). Thus, for al I suffi-
ciently large, we have exhibited a code for the (n +m)-CGMC
withrate R, .., and arbitrarily small error probability. O

The next lemma shows that for sufficiently large n the ca
pacity region of the n-MGMC is contained in C.

Proof: Wemust show that forany v > 0, > 0,7n>m, and
{R, )} € Qn, if wetake [ sufficiently large then there exists
an [{M,}, {] code for the LGMC with

Pel,({X(t, 0) V(r, 0)}) <¢

Lemma 2:

sup
{X.0): Ym0y}

and

log My
% >Ry —v Vi re{l,..., Lk

Inthis case, every pointinlJ,, .., @» isan achievablerate point
for the LGMC and the desired result follows, sinceC isthe clo-
sure of the set of all achievable rate points.

We first show this to be true for [ an integer multiple of n.
We then show it istrue for al . Fix n > m and consider any
{R¢,»} € Qn. Thenforany v > 0and ¢ > 0 we can find
an integer IV sufficiently large such that for all N > Ny there
existsan [{ My, »y}, Nn] code for the n-MGMC with

log M,
7gN7§ 0 > Ry — %
and P. < e. Notethat P, isindependent of the initial channel
state {X(t,O)v V(T, 0)} by (37)
Suppose now that we use this [{M .y}, Nn] code on
the LGMC. Then the rate is unchanged. Moreover, the error
probability for any initia state {X( o), Vi 0y} Satisfies

Ve, re{l, ..., L}



GOLDSMITH AND EFFROS: THE CAPACITY REGION OF BROADCAST CHANNELS

P.({Xt,0), Vir,00)) < e since if the decoder at receiver »
ignores the outputs

{y(7)[1]7 s ; y(7)[n +m]7 LR

Y[V = Dn+m]}

» Y [m], Y(r) [7’L + 1], ca

then the resulting error probability is independent of
{&, 0y, Vi, 0p) and the situation is equivalent to decoding
the [{M(;,}, Nn] code on the n-MGMC, for which P, < e.
Clearly, the error probability of the best decoder does not
increase if these outputs are used in the decoding process.
Thus, for I = Nn, we have exhibited a code for the LGMC
with the desired rate and arbitrarily small error probability for
al initial states { X, o), V(r, 0y }, @ssuming N (and, therefore, [)
sufficiently large.

We now extend this coding scheme for the LGMC to ar-
bitrary values of {. Specifically, let I = Nn + n/ for n’ €
{0, ..., n— 1} and any integer N sufficiently large. We form
an [{M, ry}, Nn 4+ n'] code for the LGMC by appending »’
arbitrary symbolsto the codewords of the [{ M, .}, Nn] code
described above. The decoder at each receiver discards the last
n/ outputsthat it receives. For al initial channel states the error
probability of thiscodeisthesameasthat of the [{ My}, Nn]
code, since the decoders of the Nn and Nn + n’ codes operate
on the same received symbols. The code rate equals

log M(tﬂ,) _ log M(tﬂ,) Nn S (R fy) Nn
Nntn/  Nn Nntn/ = U GD7 Nn+n/
Ve, re{l, ..., L}
Thus, for V sufficiently large we have
10g M(t )
Nn +n/ 2 Bim =
Since v isarbitrary, this gives our desired result. O

Our next lemma shows that for sufficiently large n, the ca-
pacity region of the n-CGMC is contained in that of the (n +
m)-MGMC.

Lemma3: Thereexistsn, sufficiently large such that for any
n Z o, Cn g Qn-l—rn-

Proof: We must show that for n sufficiently large, every
achievable rate point { R, .} for the n-CGMC is also achiev-
ableforthe (n+m)-MGMC, i.e,forany v > 0,¢ > 0,n > m,
and { R, .} € Cy, if we take ! sufficiently large, then there
existsan [{M(,, .}, I] codefor the (n + m)-MGMC with error
probability less than ¢ and

% >Ry —~ Vtre{l, ... L}
Wefirst consider codes where [ is an integer multiple of n + m
and then treat the more general case.

Assumen > 2mandlet {R, , } € C,. Thenforany~ > 0,
¢ > 0, and IV sufficiently large there existsan [{M(; )}, Nn]
code for the n-CGMC and corresponding decoders d,y with
rate

IOg M(t ) ¥
=2 Vs R, -1
Nn =70

237

and error probability P. < ¢, where P. is independent of the
initial channel state by (37). Let us denote this code by L ,.
For code Up,,, let

X5 Wy, oo Weny) = (X(t)[lL s X(t)[N”])
foralt¢ € {1, ..., L} denote the codewords corresponding to
messages {(W, 1y, - --» W, 1)) }reqq, ..., £y~ Thiscode can be
broken down into /V blocks of n input symbols (n-blocks) that
are transmitted over the n-block memoryless n-CGMC.

Consider the following code Vi (,, 4.1, derived from U, for
the (n + m)-MGMC. In the V.1, code we use our code
design to convert the linear convolution of the (n +m)-MGMC
into the circular convolution of the n-CGMC. Specificaly, the
encoder X, (J\t‘)("J’m) Of the Vi (,,1.m) Code appends m additional
symbols X [(i — 1)n + k], k = 1, ..., m to the ith n-block
Xétrl])/,(ifl)n+l of the Uy, codefor al ¢ suchthat 1 < i < N,
giving

XN(n-i—m) (W(t ISEREE

(t) » Wi, L))

2n n+m
(X<t> 1 X1 X s X -

Nn (N-L)n+m
X(t), (N—1)n+41> X(t) (N— l)n+l)
The Vi (,+m) code can be broken downinto NV nonoverlapping
(n+m)-block inputsthat are transmitted over the (n+m)-block
memoryless (n + m)-MGMC. Let YA " denote the outputs at

receiversr € {1, ..., L} of the n- CGMC with inputs X\

(f)’
tedl,..., L} Let

Y2(n—|—rn)

O-N (n+m)
(), n+2m+17 " Y,

(r), (Nfl)n+Nrn+l)
denote the outputs at thereceiversr € {1, ..., L} of the (n +
m)-MGMC with inputs X(]\t‘)("*m), t € {1,..., L}. The de-
coders for the Viy(,,+,) Code are given by

O-N(n+m)
Yr(r), (N—l)n—I—Nrn-i—l)

n+m
(YV(1 "), m+1?

2(n+m)
YE1’),n+2nl+l’ Tt

2(n+m)
YE7*), 2n+m+1°

n+m
d(’) (Y’(1 "), m+17?

- In4m

(7*), n+2m—+41°
Y%Nn-f—(Nfl)rn

(), (N—1)n+Nm+1

= d(, ( (7) n-l—l’ YE,) m+1

N(n+m)
YE”): Nn-l—( N— 1)m,+1 ?

forr € {1, ..., L} where, as stated above, (;l(,,) is the decoder
for the n-CGMC.

We now use the fact that over each (n + m)-block, linear
convolution becomes block-length-n circular convolution with
our ¥V (n+m) codeword design. Thusthe code Vi (. 4.1m) hasthe
same rate and error probability on the (n + m)-MGMC asthe
Un,, code has on the n-CGMC, as we now explicitly show.

Consider the first (n + m)-block transmission X(’;;”f =
(X &1 X(t) 1) over the (n + m)-MGMC. The output corre-
sponding to this input is given by

Voo lk] = Zhuv)k]*X(t)[kHV(v (]

t=1

L
= [kl @ X[kl + Vi [K]

t=1

(48)
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Mh

he,my 1@ Xy [((B))n] + Vi [1] (49)
,zl

L3 b, @ Xy [((B)n] + Vi [(R))] (50)
=1

=Y [((£))n] (51)

form+1<k<n+m, where £ denotes equallty in distri-

bution, (48) follows from the fact that with input X ’;;”f, linear
convol ution becomes block-length-n circular convoi ution since
the first m input symbols are repeated as the last m input sym-
bols, (49) follows from the fact that X )[k] = X[((k)).] for

1 < k < n+m, (50) follows from the fact that

(V(7) [m]7 B V(7) [7’L + m])

L Vi l(m)al, -+ Vil((n +m))nl

since
E[Vi [K]]l = BV [(k)n]]l = 0

adform+1<05,k<n+madn > 2m, R.[k =1 =
R.(K)r — (D)n ]6 and (51) follows from (38). Thus we

have that (V577 Y )= ( (7)) Using the same argu-

ment for each (n + m)-block transmission of input symbols

Xz(n—l—rn)

(i—L)n+m )
), G—1)(n+m)+1 —

= (X{3 i—1ymas X(t),(i—l)n-l—l ,
1<i<N
yields

( O-i(n+m)
(r), in+(G—1)m+1?

Srint(i—1)m 4 (xrin
Y, <v¢—1>n+v¢m+1) = (Y<r>, <H>n+1) )
V1<i<N. (52
Therefore, forany » € {1, ...,
Pr (62(,) (?V(i\;n) 75 (W(LT), .
=Pr (Ci(,) (17(7)7 11+

7£ (W(l,r)a L)

Ly
)
57<¢37<N—1>n+1)
W) )

= Pr (doy (Y050 Y s

YAan—I—(N—l)rn )

N(n+m)
Y (), (N—1)n+Nm+1

(r), Nn+(N—
7£ (W(l,r)v (RS W(L,r)) )

where (53) follows from (52) and the fact that the noise on the
n-CGMC is n-block memoryless and the noise on the (n +
m)-MGMC is (n + m)-block memoryless. Thus, (53) implies
that the decoders d,. for the (n + m)-MGMC have the same

1)m+1°
(53)

6Specifically,
E[Vir [(()u]Vir [(1)u]] = B [((R))w = ()]
DR k-1
CR k-1

where (a) follows from the periodicity of R over an n-block and (b) follows
from thefact that for n > 2m, R.[k — ] = R.[k — ] for |k — | < n.
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error probability P. < ¢ asthe decoders d., in the n-CGMC,
and this error probability is independent of the initial channel
state by (37). We thus have, for all N sufficiently large, an
[{M, »}, N(n 4 m)] code for the (n + m)-MGMC with ar-
bitrarily small error probability and rate
10g M(tﬂ,) > 10g M(tﬂ,) Nn
N(n4+m) ~— Nn Nn+m)

>

- n:m (R(t’r) B %)

We can thus find n sufficiently large such that

Ve, re{l, ..., L}.

10g M(tﬂ,)

m > R(t,r) -7
Moreover, for N and n sufficiently large we can generate
an {Mq, ), N(n + m) +n'lcodel < n < n+4+m
for this channel by appending »’ arbitrary symbols to the
{ M, }, N(n + m)] code described above. The decoder for
this appended code ignores the last n’ channel outputs. This
code hasthe sameerror probability asthe [{ My}, N(n+m)]
code since the decoder operates on the same received symbols.
The n’ appended symbols result in a negligible rate decrease
for N sufficiently large. For systems with multiple codeword
transmissions the code is transmitted at integer multiples of
n + m to maintain the same channel properties on each trans-
mission. Equivaently, the codeis padded with (n+m —1) —
additional zeros. This padding causes a negligible rate decrease
for N sufficiently large. Thus for al [ sufficiently large we
have exhibited an [{ M, .y}, {] code for the (n + m)-MGMC
with rate {R ,y} and arbitrarily small error probability. So
{R,»} is an achievable rate point for the (n + m)-MGMC
for n sufficiently large. O

ve,re{l, ..., L}

These lemmas culminate in the following theorem, which
equates the capacity regions for all three of our multiterminal
channel models.

Theorem 1:

(54)

) = <limsup Q,,,) = < U Q,,,)
nTee nTee n>m

)= (tminra.). &9

Proof: We have the following chain of inclusions:

<lim sup C,

—C= (hm inf C,

n—oo

<liln sup C’n> - <liln sup Qn> (56)
c ( U Qn) (57)
n>m
CccC (58)
- (hH_l) inf C’n) (59)
C (lminf Q). (60)

The first inclusion (56) follows from Lemma 3, (57) follows
from the definition of lim sup, (58) followsfrom Lemma2, (59)



GOLDSMITH AND EFFROS: THE CAPACITY REGION OF BROADCAST CHANNELS

followsfrom Lemma 1, and (60) followsfrom Lemma3. More-
over, since liminf R,, C limsup R,, for any sequence of re-
gions { R, }, dl inclusions (56)—(60) become equdlities.

Notethat the closure operationsin (54) and (55) are necessary
since, dthough C,, and @,, are closed sets, their lim inf and
lim sup are not necessarily closed. However, since C,, and @,
are convex (by atime-sharing argument), it can be shown that
their lim inf and lim sup are also convex, and thus we need not
take an explicit convex hull operation on the limiting capacity
regionsin (54) and (55).

APPENDIX B

Wenow provethat for n > 2m thenoiseterms v/ and W, are
statistically independent real Gaussian random variables with
mean zero and variances

rf%fk( =nN,(27k/n)|Hy| 2
and
oty =nNy(2mk/n)|Gi| 2.

It will suffice to prove thisfor V; only, since the proof for W,
isidentical.

From (13) we have that V;, is a weighted sum of the
1, ..., Un, Which are zero-mean Gaussian random variables.
Thus, V3, will be a zero-mean Gaussian random variable. It will
also be periodic with period n, since it is an n-point DFT. Let
usdefine Cy, = 1/H;, and V, = CyVi. Since Hj, isthe n-point
DFT of area sequence, Cy, is also periodicand C, = CF_
for 1 < k < n. Thesequence V/, 1 < k < n is obtained by
applying the transform (16) to V% Since V;, isjust a constant
times V;,, the real and imaginary parts of V. are zero-mean real
Gaussian random variables, and therefore so is V/ by (16).

Since V is a zero-mean Gaussian random variable for each
1 < k < n weneed only evaluate E[V;V/] for 1 5 ki <n
to fully characterize the distribution on (V/, ..., V;;). By (16)
this expectation is found by evaluating E[VRVR] E[VEV]],
or E[V,f ] for any k and i suchthat 1 < k, i < n. Using the
fact that V;® = 0.5(Vi, + V) and V{{ = —0.55(Vi — Vi) we
see that al of these expectations can be expressed in terms of
E[Vi.V;] and E[V;,V;*] as[3, egs. 1.2a.2c]

EVEVH
= 0.25 (B[ViVi] + B[V V7] + BV Vil + BV V7))
(61)
EVEV]
= —0.25] (E[Vi Vil — B[V V7] + B[V Vi) - B[V V7))
(62)

BV
- _0.25 (E[Vm] — E[ViV] - E[ViVi] + E[VJW]) :
(63)

Moreover, since

and
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we need only evaluate E[V;V;] and E[V},V*] to obtain (61)—
(63). We have

E[ViVi] = CLCEVAVi]
=CLCE Z Z B, By~ I2mmE/n o= 2wl /n
m=1 l=1
s p——
m=1 l=1
=CC; Z R'(T) [ — m]e—d2n(mk+i/n
m=1 =1

Ryl —m]
m=1l{—-m=1-m
X C—j?ﬂ'(li—rni-l—rni-l—rnk)/n
n—m

“aaS S (ol

m=1ll—-m=1—m

% e—j?ﬂ'rn(i-l—k)/n

n—m

(a) CrG; Z Z (R( o) .77]6 JQmT/n)

m=1lz=1—m
X e*j?ﬂ'm(i+k)/n
(b) n (rn 1) - o
Cr.C; Z Z (R(,)[QZ]G 1271'”7/")
m=1g=—(m—1)
—j27m(i+k)/n
n (m—-1)

(C) G Z Z

m=1pz=—(m—1)

—ji2mm(i+k)/n
(g) CiC; Z N, @ ij27rrn(i+k)/n
m=1 "

271 — : ;
_ N E : —ji2mm(i+k)/n
CkC < " ) c

m=1

(e) 27k
= 7'L|Ok|2Nb < ) 6((1&-1—1))”

where (a) follows from achange of variables, (b) follows from
the fact that for n. > 2m, R(, [¢] =0form <z <n-—m,(c)
follows from the fact that for » > 2m and |z| < m, R(, [a:]
Ry[z], (d) followsfrom thefact that V., isthe DFT of R,,, and
(e) follows from the orthogonality of the exponential functions
andthefactthat Cy, = C_, = C_;. A similar derivationyields
that

X e

(R(,,) [a:]efﬂmx/">

X e

(64)

. 2k
E[Vkv;]:n|ck|2N,,.< dl )5((k - (65)

Now combining (16) with (61)—(65) we get that
E[V{V/] =nN,(2rk/n)| Hi"28(g—in).,
=nN,(27k /n)|Hy| " 261—

where the last equality follows from thefactthat 1 < &, 4 < n.
Thus, for n > 2m, V/ and V/ are uncorrelated for & # ¢ and
are, therefore, independent with the desired variance.
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APPENDIX C

Inthisappendix we givethe formulafor the capacity region of
the broadcast channel with finite | S| when the transmitter sends
both common and independent information. As in the case of
parallel degraded broadcast channels [10], this capacity region
ischaracterized implicitly astheintersection of six regions. The
capacity region formula below is obtained by first using Corol-
lary 1 to show that the desired region equals the capacity re-
gion of the circular broadcast channel with common informa-
tion that is defined in Section 1. The capacity region of this
circular channel is derived by first decomposing the n-CGBC
using the DFT, which leads to a set of parallel independent de-
graded broadcast channels with common information. The ca
pacity region of thischannel isgiven by [10, eg. 37] astheinter-
section of six regions. We then apply a similar derivation asin
Section V to thisimplicit capacity region to obtain the limiting
region of the n-CGBC with common information asn — oc.
This derivation yields the following formulafor the capacity re-
gion of the LGBC with finite 1S]:

C = {(Ro, Ry, Ry):
1 ) a(w)P(w)
oo, / tos <”N1<w>+a<w>P<w>> oo
1 ) a(w)P(w)
T ), 1o <” N1<w>+a<w>P<w>> o

‘ FWPW) )
log <1+N2<w>+a<w>P<w>) .

a(w)P(w)
N2<w>+a<w>P<w>> o

1
Ry < —
27 O

1
+ — log <1+
2 Qo

1
R0+R1 S -— 10g <1+
27

Q2

+ 2 [ (142
27 Qlog Nl

n % /QZ log <1+ Nl(f)(i)a]zc(;;(wJ dw

log <1+7a(]€i}(§” )> dw
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1 P
Ro+Ri+Rs < —/ log <1+ () ) dw
27r Qo

Na(w)
+ % /“1 log <1+ NQ(w)(i)a}()c(:;z’:’(w)> w

P [ (1720 o,

where 0 < a(w) < 1 and P(w) satisfies (34).
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