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Abstract — The bit error rate of a coded Multiuser
OFDM (M-OFDM) system and coded Multicarrier
CDMA (MC-CDMA) system with multiuser detec-
tion is analyzed. The paper focuses on downlink
wireless applications, where the channel suffers from
frequency-selective fading. We investigate both sys-
tems when long time interleaving is possible, though
introducing large delays, and when time interleaving
is limited. Bit error rate lower bounds and simula-
tion results show that, when the system load is high,
M-OFDM performs similar to MC-CDMA while its
implementation is less complex as it does not require
multiuser detection.

I. INTRODUCTION

Orthogonal Frequency Division Multiplexing (OFDM)
is a multicarrier modulation widely used in both wireless
and wired applications. In the wireless arena, OFDM has
been standardized for Digital Audio Broadcasting (DAB),
Digital Video Broadcasting (DVB) and Wireless Local
Area Networks (WLAN). OFDM can effectively handle
frequency-selective fading without complex equalization
structures and the enhancement of noise at the receiver.
The demodulation and modulation processes have very
low complexity when the Fast Fourier Transform (FFT)
and its Inverse (IFFT) are used.

Wireless communications share the transmission me-
dia, namely the wireless channel, and generally involve
multiple users. Hence the need for a multiple access
technique. There are different multiple access schemes
based on OFDM modulation. We focus on two: Mul-
tiuser OFDM (M-OFDM) [1], also referred to as Orthog-
onal Frequency Division Multiple Access (OFDMA), and
Multicarrier CDMA (MC-CDMA), as described in [2] and

The performance of M-OFDM and MC-CDMA with-
out channel encoding is well known (see [4] for the latter).
On a frequency-selective channel MC-CDMA achieves fre-
quency diversity by transmitting each user’s symbols over
all subcarriers. M-OFDM cannot exploit channel diversity

because each symbol is transmitted over a single subcar-
rier. In this situation MC-CDMA outperforms M-OFDM.

The performance of coded MC-CDMA and coded
OFDM is explored in [5], where an OFDM system with
time division multiple access is considered. In this pa-
per we consider M-OFDM and MC-CDMA for different
system loads. By using channel encoding we can achieve
frequency diversity with M-OFDM by means of frequency
interleaving.

Doing so, different symbols of a codeword are transmit-
ted over different subcarriers where fading is weakly cor-
related and large coding and diversity gain is achieved. A
periodic interleaver has been suggested in [6] to maximize
the code diversity. The coding gain in coded MC-CDMA
is smaller since the diversity gain is already achieved by
spreading. In this paper we present a performance anal-
ysis that determines which scheme offers lower bit error
rate (BER) after channel coding.

In the next section, we describe the system models used
in the comparison. In sections III and IV we give expres-
sions for a lower bound on the BER and approximate the
BER of M-OFDM and MC-CDMA. Simulation results and
conclusions are presented in sections V and VI.

II. SYSTEM MODEL

The use of OFDM is the common part of the sys-
tems under study. We make use of a multicarrier chan-
nel model to represent the concatenation of the Inverse
Fourier Transform, the frequency-selective fading chan-
nel and the Fourier Transform. The model is equiva-
lent to having an independent subchannel for each sub-
carrier f; provided that transmitter and receiver are per-
fectly synchronized. We assume that the subcarriers are
narrowband and model each subchannel as a frequency-
flat fading channel. Residual ISI resulting from this ap-
proximation can be eliminated using a guard interval to
transmit a symbol prefix. Other assumptions that are
made throughout the paper are perfect channel state in-
formation (CSI) at the receiver, no CSI at the transmit-
ter, perfect synchronization, which eliminates inter-carrier
interference, and absence of other cell interference (or al-
ternatively it is modeled as Gaussian noise). We repre-
sent the L subcarrier fading channel as a diagonal matrix
A with L correlated complex Gaussian-distributed coef-
ficients {@1(n)---ar(n)} on the diagonal. We use the
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Figure 1: Multicarrier block fading channel

multicarrier block fading channel [6] to model the channel
response. In this model, the transmitted sequence is di-
vided in blocks B; of time length 7 symbols and frequency
width f subcarriers, as in figure 1. The block size 7 and
f depend on the channel coherence time and coherence
bandwidth respectively. The fading coefficients satisfy:

¢ a;(n1) = a;(ne) if they are in the same block.

e o;(n1) and aj(n2) are independent otherwise.

The number of blocks along the frequency axis, F', is
limited by the coherence bandwidth B, and the signal
bandwidth B, to F' = f%ﬂ, where [z] denotes the small-
est integer larger than z. The number of channel blocks
available for interleaving is given by the product FT, T
being the number of blocks along the time axis. T' may be
limited by delay constraints or transmission packet length.
We look into two typical situations: first, we take T in-
finitely large. This corresponds to a transmission with
no delay constraints (i.e. data transmission). With pe-
riodic interleaving, consecutive symbols are transmitted
through independent channel states. The resulting chan-
nel is known as independent fading channel. Next we con-
sider a situation where T is limited to a few blocks, cor-
responding to delay-sensitive applications or short data
packets, where only F'T' channel states are available. The
availability of more channel blocks allows the code to
achieve higher diversity. The M-OFDM and MC-CDMA
systems can be described with block diagrams as shown in
figures 2 and 3 respectively. BPSK modulation is assumed
in both cases.

In a M-OFDM system, different users 1---K are
allocated subcarriers fi - - fx. More generally, each user
may be allocated a group of subcarriers.

We agsume one subcarrier per user for simplicity. Before
channel encoding, users’ symbols are interleaved in time
and frequency over all subcarriers (fi--- f1) to exploit
the channel diversity. A periodic interleaver in time and
frequency is used. Up to FT of each user’s consecutive
symbols are sent over a different channel block, and the
sequence of blocks repeats periodically.

In a Multicarrier CDMA system, different users
are assigned different spreading sequences si. Spreading

is performed only in the frequency domain, and each user
symbol is sent over all carriers. We denote the spreading
operation as

X (n) = sgeg(n), (1)

where xx(n) = [zi(n)---z£(n)]T is the signal sent
through the channel at time n (2% (n) is sent over the 7
subcarrier) and cg(n) is kt* user’s convolutionally encoded
and BPSK modulated signal. The notation can be gener-
alized to K users as

x(n) = Se(n), (2)

where each column of matrix S, of size L x K, and each
element of ¢ corresponds to one user. The processing gain
is determined by L, the number of carriers used in the op-
eration. The use of orthogonal spreading sequences does
not eliminate multiuser interference when the channel is
frequency-selective. We denote the correlation matrix of
the channel-distorted sequences as

Rs(n) = S*A*(n)A(n)S. (3)

Here * denotes a Hermitian transformation. To exploit
time diversity, each user’s signal is time-interleaved using
a periodic interleaver over the time blocks.

III. BER LOWER BOUND ON M-OFDM

We denote the received signal for the nt® symbol of user
b as yi(n) = ax(n)ex(n) + n(n), (4)

where ¢i(n) denotes the code symbol sent at time n, ag(n)
is the channel state for that symbol ( to simplify nota-
tion, the subindex on the channel state a(n) refers to a
subcarrier, a user or an enumerator of the different chan-
nel states, depending on the context ), and n(n) is white
Gaussian noise. Denote two different codewords as ¢; and
c; (at this point we do not need to differentiate between
block and convolutional codes, but we assume that the
code is linear).Using a maximum likelihood soft decoder,
the pairwise error event probability (PEP) conditioned on
the channel states is

L erla) = Ay
Pe; = cjlay) =Q N, | (5)

where Q(z) denotes the complementary Gaussian cumula-
tive distribution function, R, the code rate, Ny the noise
spectral density and d% the squared Euclidean distance,
conditioned on the channel state.

For infinitely large T the squared Euclidean distance

is dy
df = |lei = ¢jll; = 4EpR. Y _ |, (6)

i=1
where Ej denotes the bit energy, dg Hamming distance,
and ¢; the channel coefficients multiplying symbols where

882



the two codewords differ. «; are independent complex
Gaussian random variables with unit variance. We define

du
Yo = Z |ai|2 ~ X22dH’ (M)

i=1
where X3, denotes a chi-square distribution with 2dy
degrees of freedom. The average error event probability is

given by
2F
Plei  ¢;) = B.,Q (x/—N”Rc%> C®
0

where E., is the expectation operator. Equation (8) can
be computed in closed form as ([7], p. 781)

P(Ci_)cj):<1_TM>de§1 <dH—k1+k> <1+T'u>k,

k=0

9)
[ ER.N,
“\ T BN 10

A lower bound on the bit error rate is given by the
probability of the minimum distance error event, Pgnin,
corresponding to the error event between two codewords
separated by the minimum Euclidean distance, which for
BPSKcorresponds to the minimum Hamming distance
dHmin- This lower bound can be obtained from (9) by
replacing dg by dgmin- For high SNR, the BER can be
approximated by

with

By, ~ nPypin, (11)

where n is the number of codewords at the minimum Ham-
ming distance.

For limited time diversity (i.e. a small value for T)
the squared Euclidean distance between ¢; and c; is

5
dy = |les — ¢j|l3 = 4EpR: Y _ Lilal?,

=1

(12)

where the summation is over the channel states multiply-
ing symbols in which ¢; and ¢; differ and /; is the number
of symbol discrepancies on channel state ;. Note that
the sumation is generally not a chi-square random vari-
able. The minimum number of channel states in which
any two codewords differ, é,,;,, is known as the diversity
of the code. Achievable code diversities for a number of
codes are found in [8] in the context of block fading chan-
nels and the results are applicable in our case as well, using
time and frequency interleaving. &, is upper-bounded
by the minimum Hamming distance of the code dg i and
the available diversity of the channel, F'T', and is readily
found with the code trellis and the interleaving pattern.
It is shown in [8] that dm:n is a dominant factor in BER
calculation at high SNR. A lower bound on the BER is

given by the PEP between the codewords with minimum
pairwise diversity, d,in,

dmin

2E
HT 2 B, @\ R Y e )
=1

2
Xsmin

Equation (13) can be evaluated using numerical inte-
gration. An approximation for the BER at SNR is

FT FT
By ~nPin,

(14)

where PET is the PEP of the minimum distance error

event, given parameters F and 7.

IV. BER LOWER BOUND ON MC-CDMA

As described in section II, MC-CDMA suffers from mul-
tiuser interference due to the loss of orthogonality be-
tween users’ spreading sequences when they are trans-
mitted over a frequency-selective channel. Two multiuser
detectors are considered for the analysis of MC-CDMA: a
decorrelating detector and a Minimum Mean Square Error
(MMSE) detector [9]. We denote user k received signal,
after the spreading sequence matched filters, by

yr(n) = (STA%(n)A(n)Sc(n))i + (S*A™(n)n(n))s
= (Rs(n)e(n))k +ny(n), (15)

where n(n) is a vector of white Gaussian noise with co-
variance matrix R, = 021

A Decorrelating detector

The decorrelating detector eliminates all multiuser in-
terference by multiplying the vector of matched filter out-
puts by the inverse of Rg(n). The detector output for
user k is then

yk(n) = ck(n) +ni(n), (16)
where n} (n) is Gaussian noise with variance
0',’2,Lll = UZ(RS_I)kk (n) (17)

(Rs ™)kt is called noise enhancement factor. We drop
the symbol index n to simplify notation. The noise en-
hancement factor depends on the spreading sequences and
the channel response. We define the modified squared Eu-
clidean distance between ¢; and ¢; as

du
dymp = 4EyR. Y (Rs™ )i (i) = 4EyReyp,  (18)

=1

where we have incorporated the inverse of the noise en-
hancement factor as a multiplying factor and defined the
parameter vp. The BER of MC-CDMA can be analyzed
in a similar way to M-OFDM. A lower bound on the BER



2
INTERLEAVER

i (Time and frequency)
:

MULTICARRIER
CHANNEL MODEL

f1 User | decoder
£2 f2 User 2 decoder
DEINTERLEAVER .

(Time and frequency) i
fK User K decoder

|

Figure 2: M-OFDM transmitter/receiver.
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Figure 3: MC-CDMA transmitter /receiver.

is given by the pair of codewords having smallest pairwise
diversity,

2F,  imin
B> Bz, @ | | T Fe Z (19)
for infinitely large T' and
2Eb i
BT 2 Bgooz, Q| \| o Fe Z L : ()
(20)

for limited time diversity 7. Here Ny is the noise spec-
tral density before the detector. In MC-CDMA, the code
diversity d,in i8 upper-bounded by dgpmin and T rather
than FT since we do not use frequency interleaving. The
diversity benefit obtained from the code is thus smaller
and so is the coding gain. We can approximate the BER
at high SNR as

F bF P dmin® (21)

B  MMSE detector

The MMSE detector multiplies the received signal vec-
tor by matrix

M(n) = (Rs(n) + L)~ (22)
The detector output for user k is
ur = (MRge)g + nlkl
K
= (MRs)kkck + Z (MRS)kiCi + n'k', (23)
i=1,i#k

where the first term corresponds to the desired user signal,
the summation in the second term corresponds to mul-
tiuser interference, and the last term is Gaussian noise
with covariance

= (MR.M)o? (24)

where o2 is the noise power before the detector. We have
omitted the symbol time index n to simplify notation. The
multiuser interference term in (23) is well approximated
by a Gaussian random variable I of variance

n// —

K
o} =4EyR. > (MRg)j
i=1,i#k

(25)

From (23) the squared Euclidean distance between two
codewords separated by dy symbols is given by

du
dp =4ER. Y (MRg)k (i)’
i=1
where the index ¢ is over the symbols where c; and c;
are different. For infinitely large T', and incorporating the
noise enhancement factor as we did in (18), we can define
the modified squared Euclidean distance as

(26)

d 2
o (MRO)
dymm = AEs R, Z MRsM(3) + 0%(i)/No’

(27)

where Ny is the noise spectral density before the detector.
The average PEP is given by

P(Ci — Cj) = EQQ (28)




where
_ (MRy(1))*
MRMy;, (i) + 03(i)/No

G (29)

and ¢; are independent. For small T, (28) can be expressed
as

2E,

o2

da

P(c; = ¢j) = E¢.Q R i (30)

i=1

An approximate lower bound on the BER is given from
(28) and (30) by replacing dg by dumin and dq by dgmin
respecively. Approximate perfomance at high SNR is ob-
tained by Py ~ nPamin, (31)
where Pgnin is the minimum distance PEP and n is the
number of codewords at minimum distance.

V. SIMULATION RESULTS

BER simulations for a M-OFDM system and a MC-
CDMA were carried out for a channel with diversity lim-
ited to F =4 and T = 2. The results are shown in figure
4 for different SNR for a 64-state, rate 1/2 convolutional
code with generators (133,171). No attempt was made to
optimize the code for this particular diversity order F'T'. A
fully loaded system with 32 different carriers, one carrier
per user, was used. The lower bounds found in sections
3 and 4 are also shown in figure 4. We can see that M-
OFDM and MC-CDMA/MMSE have approximately the
same performance.

A partially loaded system has been considered with 32
carriers and a variable number of users for the 4-state code
(7,5). Figure 5 shows the simulated BER and the BER
lower bounds over the number of active users in the sys-
tem. The performance of MC-CDMA is better with only
a few users and deteriorates when the number of users in-
creases. The performance of M-OFDM with a fixed coding
scheme like the one used is insensitive to the number of
users, but rate-adaptive coding schemes can be used to
improve performance at low load.

VI. CONCLUSIONS

The performance of two alternatives for multiuser multi-
carrier communications has been studied for synchronous
wireless systems. Multiuser OFDM exhibits a large coding
gain and relies on the coding scheme to exploit the chan-
nel frequency diversity, whereas Multicarrier CDMA can
achieve a certain diversity gain regardless of the channel
code used and has a smaller coding gain. It is shown that
performance depends on load, interleaving depth and di-
versity order, and that Multiuser OFDM matches the per-
formance of MC-CDMA with a MMSE detector at high
loads while outperforming the decorrelating detector.
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